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ABSTRACT
We p r e s e n t  two methods to  s tudy  model Hamil tonians  de f in e d  
on c l u s t e r s .  One i s  th e  symmetr iza t ion  o f  th e  H i l b e r t  space 
b a s i s  a cc o rd ing  t o  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  th e  symmetry group of  
t h e  Ham i l ton ian .  The o t h e r  one a dap t s  t h e  Lanczos d i a g o n a l i z a t i o n  method 
d i r e c t l y  t o  t h e  second quan t ized  form of t h e  Hamiltonian  s t u d i e d .  By th e  
sym m etr iza t ion  o f  t h e  b a s i s ,  one t a k e s  th e  advan tage o f  symmetries o f  
t h e  H am i l ton ian ,  and uses  t h e  group th e o ry  t o  f i n d  th e  i n v a r i a n t  
subspaces  of  t h e  Hamil tonian in  th e  complete H i l b e r t  s p a c e .  Then one 
needs on ly  t o  work w i t h i n  t h e  i n v a r i a n t  subspaces .  This  method c u t s  down 
s u b s t a n t i a l l y  t h e  s i z e  o f  th e  m a t r ix  r e p r e s e n t a t i o n  of  th e  H amilton ian  
t o  be d i a g o n a l i z e d .  T h e re fo re ,  one could s tudy  r e l a t i v e l y  l a r g e r  
sys tems.  As a r e s u l t ,  a l l  t h e  e i g e n v e c t o r s  and e ig e n v a lu e s  a r e  o b t a i n e d .  
Consequen t ly ,  one could  c a l c u l a t e  thermodynamical  q u a n t i t i e s  and v a r io u s  
c o r r e l a t i o n  f u n c t i o n s ,  such a s ,  t h e  sp in  c o r r e l a t i o n ,  th e  charge 
c o r r e l a t i o n ,  th e  s u p e r c o n d u c t i v i t y  p a i r i n g  c o r r e l a t i o n ,  and th e  
photoemmission s p e c t r a .  One th e  o t h e r  hand,  th e  Lanczos method,  
mentioned here  in  p a r t i c u l a r ,  i s  a s p e c i a l l y  developed computer  program 
f o r  t h e  s tudy  of  the  model H am i l ton ians .  This  program uses  t h e  
key f e a t u r e  of  t h e  Lanczos method in  d i a g o n a l i z a t i o n ,  a l lows  one t o  use 
t h e  second q u an t i z e d  form of  th e  Hamil tonian d i r e c t l y  w i thou t  p r e ­
g e n e r a t i o n  o r  s t o r i n g  t h e  m a tr ix  e lemen ts  of  t h e  Ham i l ton ian .  Two 
methods could  be combined to  t a k e  t h e  f u l l  advantage  o f  th e  symmetries 
of  t h e  Hamiltonian  by in p u t  of  t h e  symmetrized w avefunc t ion  as th e  
s t a r t i n g  t r i a l  w avefunct ion  in  t h e  Lanczos method.  Here we i l l u s t r a t e  
t h e  above two methods by app ly ing  t o  t h e  Hubbard,  and extended  Hubbard
models on a s imple cub ic  c l u s t e r ,  and the  l a t t i c e  Anderson model on th e  
two d im ens iona l  square  l a t t i c e .  Other  i n t e r e s t i n g  r e s u l t s  f o r  d i f f e r e n t  
sys tems  a r e  a l s o  b r i e f l y  d i s c u s s e d  h e r e .
v i i i
CHAPTER 1 
INTRODUCTION
The p r i m a r y  g o a l  o f  t h i s  d i s s e r t a t i o n  i s  t o  p r e s e n t  two b a s i c  
m e th o d s  t o  s t u d y  model H a m i l t o n i a n s  d e f i n e d  on c l u s t e r s  —  t h e  
s y m m e t r i z a t i o n  o f  b a s i s  and t h e  m o d i f i e d  Lanczos  m e th o d .  The 
s y m m e t r i z a t i o n  o f  b a s i s  method f a c t o r s  t h e  H i l b e r t  s p a c e  i n t o  a d i r e c t  
sum o f  i n v a r i a n t  s u b s p a c e s .  Between t h e s e  s u b s p a c e s ,  t h e  model 
H a m i l t o n i a n  has  z e r o  m a t r i x  e l e m e n t s .  Hence ,  one  can  s e t  up t h e  m a t r i x  
r e p r e s e n t a t i o n  o f  t h e  H a m i l t o n i a n  w i t h  much s m a l l e r  d i m e n s i o n  and 
d i a g o n a l i z e  i t  n u m e r i c a l l y .  E q u i v a l e n t l y ,  t h e  method  f i n d s  a u n i t a r y  
t r a n s f o r m a t i o n  t o  a new b a s i s  s e t ,  w h ich  b lo c k  d i a g o n a l i z e s  t h e  
H a m i l t o n i a n .  The Lanczos  method i s  u s e d  s p e c i a l l y  f o r  t h e  s t u d y  o f  t h e
g ro u n d  s t a t e  o f  t h e  H a m i l t o n i a n .  By t h i s  m e thod ,  one  d o e s  n o t  need t o
c a l c u l a t e  t h e  m a t r i x  e l e m e n t s  e x p l i c i t l y .  I t  a l s o  c o n q u e r s  t h e  w e l l  
known ' f i l l i n g  i n '  p ro b le m  i n  t h e  s t a n d a r d  e i g e n v a l u e  p r o c e d u r e s .  
T h e r e f o r e ,  one  c a n  overcome t h e  c o m p u te r  s t o r a g e  l i m i t a t i o n .
F u r t h e r m o r e ,  t h e  c o m p u t in g  t i m e  r e q u i r e d  d ep e n d s  l i n e a r l y  on t h e
d i m e n s i o n  o f  t h e  m a t r i x  t o  be d i a g o n a l i z e d  i n s t e a d  o f  t h e  t h i r d  power  o f
t h e  d i m e n s i o n .  H ence ,  one  can  s t u d y  s u b s t a n t i a l l y  l a r g e r  s y s t e m s .
C o m p u t a t i o n a l  quantum m e c h a n ic s  may be c l a s s i f i e d  i n t o  two 
c a t e g o r i e s .  One i s  s o - c a l l e d  ' ab i n i t o ' ,  t h a t  i s ,  t h e  f i r s t  p r i n c i p l e s  
c a l c u l a t i o n .  The o t h e r  i s  t h e  s t u d y  o f  model H a m i l t o n i a n s .  Many model 
H a m i l t o n i a n s  d e f i n e d  a r e  o f  g r e a t  i n t e r e s t  i n  many-body p h y s i c s .  Even in  
t h e i r  s i m p l e s t  f o r m s ,  t h e  e x a c t  s o l u t i o n s  a r e  v e r y  r a r e .  T h i s  l i m i t s  o u r
1
2
u n d e r s tan d in g  of th e  n a t u re  of  th e s e  Ham i l ton ians .  Fur therm ore ,  due to 
u n c o n t r o l l e d  app rox im at ions ,  v a r io u s  approaches  f a i l  t o  r ev ea l  the  r e a l  
ph y s ic a l  n a t u r e  of  th e s e  models f o r  d i f f e r e n t  cho ices  of p a r a m e te r s .  And 
th e y  o f t e n  g e t  c o n f l i c t i n g  r e s u l t s .  One can say t h a t  th e  approx im at ion  
made in  o rd e r  to  c a r r y  out  the  c a l c u l a t i o n  s p o i l s  th e  e s sence  of th e s e  
models .  Here we p r e s e n t  a new type of  approach —  c l u s t e r  c a l c u l a t i o n s .  
And we have s tu d ie d  the  Hubbard model and l a t t i c e  Anderson model f o r  
v a r io u s  c l u s t e r s .
A c l u s t e r  r e f e r s  to  a f r e e  molecule o r  a c o l l e c t i o n  of  atoms in a 
s o l i d .  The de f in e d  c l u s t e r  could be e i t h e r  f r e e  ( i s o l a t e d )  o r  with  a 
p e r i o d i c  boundary c o n d i t i o n  to  mimic th e  i n f i n i t e  s o l i d .  Our f i r s t  goal  
i s  t o  s tudy  the  na tu re  of  many-body Hamil tonians  w i thou t  i n t ro d u c in g  
a p p ro x im a t io n s .  One can t r y  to  e x t r a p o l a t e  c l u s t e r  r e s u l t s  t o  those  of  a
bulk system. The second goal  of  t h i s  d i s s e r t a t i o n  i s  f u l f i l l e d ,  in  th e
fo l lo w in g  c h a p t e r s ,  by the  a p p l i c a t i o n s  of  the  method to  th e  Hubbard 
model on a t h r e e  dimensional  s imple cub ic  c l u s t e r ^ ,  the  Anderson model 
on t h e  two dimensional  square c l u s t e r  , and the  t h r e e  dimens ional  
t e t r a h e d r a l  c l u s t e r  . Our methods have d i r e c t  a p p l i c a t i o n s  in 
v a r i a t i o n a l  quantum Monte Carlo c a l c u l a t i o n s ,  m o lecu la r ,  a tom ic ,  and 
n u c l e a r  p h y s ic s .
The s im p le s t  many-uody Hamil tonian  in condensed m a t t e r  p h y s i c s ,  the  
Hubbard model,  i s  our s t a r t i n g  p o i n t .  This model was in t ro d u ced  to  s tudy  
c o r r e l a t i o n s  in  narrow bands.  I t  t r i e s  t o  bu i ld  up a th e o ry  of
c o r r e l a t i o n s  t o  de termine  th e  ba lance  t h a t  e x i s t s  between b a n d - l i k e  and
a t o m - l i k e  p r o p e r t i e s ,  e s p e c i a l l y  f o r  d-band m a t e r i a l s .  I t  has been 
ap p l i e d  to  i t i n e r a n t  magnetism, m e t a l - i n s u l a t o r  t r a n s i t i o n s ,  and the 
r e c e n t l y  d i s co v e re d  high t em pera tu re  s u p e r c o n d u c t i v i t y .
3
Denote by <t>a (r*-R^) , t h e  l o c a l i z e d  b a s i s  f u n c t i o n  ( t h e  Wannier
f u n c t i o n )  f o r  an e l e c t r o n  on th e  atom a t  t h e  s i t e  and ,  by c * ,  t h e  
c r e a t i o n  o p e r a t o r  f o r  an e l e c t r o n  a t  s i t e  o f  s p in  a. In t h i s  l o c a l  
b a s i s ,  t h e  H amilton ian  f o r  the  e l e c t r o n  in  t h e  n o n -d e g e n e ra te  band may 
be w r i t t e n :
H = I t  . . c l  c .
-j ,• 1 J 1 o J o  
1 » J
a
+ “ 5“  , k  ,  < i ° J o ' 1 | k o ’ ’ l o >  c i ° c j o ' c k o ' c i a* » J 9 K 9 I
o ,o '  (1 .1 )
where
h2 _2«t»*(r-R.) [ -  —2^~  v + v ] <t>( r _ R j ) dr
( 1 . 2 )
< i o , j V  | “i | k o 1 , 1 o>= e2 j4 .*(r-Ri )4>*1 (r , ~Rj )  | r _ r ■ | V  ( r 1-R|<)4»a ( r - R 1 ) d r d r '
(1 .3 )
The b a s i c  app rox im at ion  in t roduced  by Hubbard^ and G u tz w i l l e r ^  was t o  
n e g l e c t  in Eq(1 .3)  a l l  t h e  i n t e r a c t i o n  terms a p a r t  from t h e  one f o r  
which i= j= k = l .  This  approxim ate Hami l ton ian  known as t h e  Hubbard model 
i s
H = 1 -i ct  C-i + U 1 n-Un -ixi ,• 1 J 10 J a T 1 + 1  +1 * J I
a
( 1 .4 )
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The f i r s t  te rm d e s c r i b e s  e l e c t r o n  hopping between t h e  n e a r e s t  ne ighbor  
l a t t i c e  s i t e s  i ,  j .  The second te rm d e s c r i b e s  a s h o r t  range  i n t e r a c t i o n  
between e l e c t r o n s  of  o p p o s i t e  sp in  on th e  same s i t e  (n.  i s  th e  number
1 t
o p e r a t o r  f o r  e l e c t r o n s  of  sp in  up on s i t e  i ,  and n i+ f o r  s p in  down).  
Even th rough  t h i s  appea rs  t o  be very  s im p le ,  no ex a c t  s o l u t i o n  i s  known 
in  two d im ens ions  o r  i n  t h r e e  d im ens ions .  From i t s  s i m p l i c i t y  a r i s e  th e  
l i m i t a t i o n s  on i t s  a p p l i c a b i l i t y  t o  r e a l  sys tem s .  C l e a r l y  a major  
drawback o f  t h e  model i s  i t s  n e g l e c t  o f  t h e  long range p a r t  of  the  
Coulumb f o r c e s .  I t  i s  q u i t e  l i k e l y  t h a t  very  s i g n i f i c a n t  e f f e c t s  a re  
t o t a l l y  missed by th e  model.  N e v e r t h e l e s s ,  due t o  th e  r e l a t i v e  
l o c a l i z a t i o n  of  e l e c t r o n s  in 3-d t r a n s i t i o n  m e t a l s ,  one e x p e c t s  the  
Hubbard model c o n t a in s  t h e  c o re  of  th e  p h y s i c s .  The second weakness of  
t h e  model a r i s e s  w i th  t h e  sp-band.  The model can be a p p l i e d  on ly  to  
th o s e  t r a n s i t i o n  m e t a l s  in  which th e  sp-band does  not  o v e r l a p  w i th  the  
d - b a n d .
D e s p i te  th e  s i m p l i c i t y  of  the  model ,  t h e  e x a c t  s o l u t i o n  i s  known 
only  i n  one d im ens ion^ .  In more th a n  one d im ens ion ,  a v a r i e t y  of
approx im ate  t e c h n iq u e s  have been used to  s tu d y  the  Hubbard model ,  such
7 Ras m e a n - f i e l d  t h e o ry  , Green f u n c t i o n  decoupl ing  schemes0 , f u n c t i o n a l
Q I f )
i n t e g r a l  f o r m u l a t i o n s  , and v a r i a t i o n a l  approaches  . Due to
u n c o n t r o l l e d  approx im at ion  e x ce p t  in  the  weak c o up l ing  l i m i t ,  t h e s e
t e c h n i q u e s  o f t e n  g iv e  c o n f l i c t i n g  r e s u l t s .  That  i s ,  t h e r e  i s  no g e n e ra l
agreement as f a r  a s  th e  p r o p e r t i e s  o f  the  model a r e  conce rned .
Another  im por tan t  approach i s  t h e  a p p l i c a t i o n  o f  t h e  Hubbard model
t o  f i n i t e  systems ( c l u s t e r s ) .  I t  was f i r s t  c a r r i e d  out  by L inderbe rg  and 
1 ?Ohrn who c o n s id e r e d  t h e  s t a t e s  of  t h e  benzene m o lecu le .  Heilman and 
L i e b ^  l a t e r  so lved  t h i s  model on a r e g u l a r  hexagon.  In one d im ens ion ,
5
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Shiba  and Pincus  and Shiba r e s p e c t i v e l y  a p p l i e d  th e  c a n o n ic a l  and
grand can o n ic a l  ensembles to  t h e  f i n i t e  ch a in s  t o  c a l c u l a t e  t h e i r
thermodynamical  p r o p e r t i e s .  Recent  a p p l i c a t i o n  o f  group theo ry  by
1 *5F a l i c o v  and V i c t o r i a  g ive s  t h e  e x a c t  s o l u t i o n  f o r  the  model on a 
t e t r a h e d r o n .  Popula r  quantum Monte Car lo  t e c h n i q u e s ' 5^  have a l s o  drawn 
a l o t  of  a t t e n t i o n .
In our  s t u d i e s  of  the  Hubbard model ,  we f i n d  r a t h e r  complex
■ .b e h a v io r s  o f  th e  ground s t a t e s  , much o f  which can be e x p l a in e d  in 
te rms of  t h e  occupancy of  s i n g l e  p a r t i c l e  s t a t e s .  The n a t u r e  o f  the  
ground s t a t e  s t r o n g l y  depends on th e  geometry of  t h e  c l u s t e r .  The model 
does g iv e  a f e r ro m a g n e t i c  ground s t a t e  f o r  the  s p e c i f i c  c h o i c e s  of  
g e o m e t r i e s ,  p a r a m e te r s ,  and o ccupanc ies  of  e l e c t r o n s .  The a n a l y s i s  of  
the  s p e c t r a  of  e x c i t e d  s t a t e s  shows the  e x i s t e n c e  of  a Hubbard gap ,  
which s e p a r a t e s  e i g e n - s t a t e s  o f  d i f f e r e n t  n a t u r e s .  Below th e  gap ,  t h e r e  
a r e  s t a t e s  o f  sp in  e x c i t a t i o n s  in v o lv in g  th e  rea r range m en t  o f  sp in  
d i r e c t i o n s  w i th o u t  the  s p a c i a l  f l u c t u a t i o n  of  e l e c t r o n s .  Above th e  gap ,  
th e  s t a t e s  a r e  charge  e x c i t a t i o n s  in v o lv in g  the  charge  f l u c t u a t i o n s  
which c o n t a i n  th e  double occupancy o f  e l e c t r o n s  on th e  same s i t e .  Hence, 
t h e s e  s t a t e s  a re  h ighe r  by U, which i s  t h e  re n o rm a l iz e d  Coulomb 
i n t e r a c t i o n  s t r e n g t h .  The s p e c i f i c  h e a t  g e n e r a l l y  has a two peak 
s t r u c t u r e  as expec ted  from th e  p re s e n c e  of  th e  Hubbard gap^.  The 
magne t ic  s u s c e p t i b i l i t y ,  a t  high t e m p e r a t u r e ,  obeys t h e  Cur ie -W eiss  law 
with  t h e  s i g n  of  the  i n t e r c e p t  p r e d i c t e d  by the  n a t u r e  o f  th e  ground 
s t a t e .  When t e m p era tu re  goes t o  z e r o ,  th e  s u s c e p t i b i l i t y  behaves 
a c c o r d i n g l y .  Some comparisons  a re  made w i th  the  r e s u l t s  from t h e  quantum 
Monte Car lo  c a l c u l a t i o n  f o r  t h e  same system.  They show a g e n e ra l  
agreement between the  two methods exce p t  f o r  th e  h igh  t e m p e r a t u r e  r e g io n
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due to d i f f e r e n t  thermodynamical ensembles used. In the quantum Monte 
Carlo c a l c u la t io n ,  i t  i s  easy to work with the GRAND CANONICAL ensemble; 
whereas, we use the CANONICAL ensemble which, with f ixed  number of  
e l e c t r o n s ,  suppresses charge f luc tu at ions  even at high temperature.
Now l e t  us consider an even more complicated,  but important model 
—  the l a t t i c e  Anderson model.
1RThis i s  a genera l iza t ion  of the impurity Anderson model ,
introduced o r ig in a l ly  to describe the formation of the magnetic moment
on a s in g le  impurity in a nonmagnetic host .  The l a t t i c e  model a r i se s
natura l ly  in attempts to study th e o r e t i c a l l y  the propert ies of mixed
1Qvalent  and heavy Fermion material . It  takes the fo l lowing form:
h = t  y c |  c .  + v  y (c t  f  + f t  c.  )
1 ,3 ,0  ° J0 1 ,3 ,0  J0 J° 10
+ ' f  i  "f ie  + U I  <*,5)
1 , 0  1
where the operators c and c+ re fer  to the conduction o r b i ta l s ;  f and 
f + re fer  to f - o r b i t a l s  and o,  +, + denote the spin.  The f i r s t  term 
descr ibes  the hopping between nearest-neighbor s i t e s  i , j  among 
conduction o r b i t a l s .  The second term represents hybrid ization  of c and f  
o r b i t a l s  connecting the nearest-neighbor too .  The third term represents  
the s in g le  p a r t i c l e  energy of the i so la ted  f o r b i ta l s  ( n ^ o i s  the 
number operator of f - e l e c t r o n s  of  spin o at s i t e  i ) .  The fourth term is  
the Hubbard type in teract ion between electrons  in f o r b i t a l s  on the same 
s i t e .
Since rare earth or ac t in ide  elements are involved in the mixed
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v a le n c e  and heavy Fermion phenomena, in  com bina t ion  w i th  t h e  f a c t  of  th e
s , p  a n d / o r  d bands ,  th e  ideas  of  h y b r i d i z a t i o n  o f  l o c a l i z e d  f  o r b i t a l s
w i th  ex tended  s , p , d  o r b i t a l s ,  and of s t r o n g  Coulomb r e p u l s i o n  of
e l e c t r o n s  in  l o c a l i z e d  s t a t e s  seem t o  be immediately  a p p l i c a b l e .
However, t h e  model i s  even more com pl ica ted  than th e  Hubbard model ,  in
which we have a l r e a d y  en coun te red  g r e a t  d i f f i c u l t i e s .  Nearly  two decades
were r e q u i r e d  t o  o b t a i n  t h e  s o l u t i o n  f o r  th e  s i n g l e  im p u r i ty  Anderson 
20model . For t h e  l a t t i c e  model ,  v a r io u s  a n a l y t i c  t e c h n i q u e s  have been
22a p p l i e d ,  in v o lv in g  p e r t u r b a t i o n  th e o ry  in  t h e  l a r g e  U l i m i t  ,
2 fiex p an s io n s  in  1/N (where N i s  th e  le ve l  degeneracy  ) ,  f u n c t i o n a l
91
i n t e g r a t i o n  , v a r i a t i o n a l  a p p ro x im a t io n s ,  and the  r e a l  space
2 3 24 2 Rr e n o r m a l i z a t i o n  group * * . These t e c h n iq u e s  have y i e l d e d  some
i n s i g h t  i n t o  t h e  p h y s i c a l  problem, but  have been in a d e q u a te  t o  e x p l a i n
t h e  co m p l ic a te d  p h y s ic a l  phenomena observed  in mixed v a l e n t  and heavy
Fermion sys tem s .  We w i l l  no t  go i n t o  d e t a i l s  o f  t h e s e  a p p r o x im a t i o n s .
Here we ag a in  have a p p l i e d  numerical  t e c h n iq u e s  t o  th e  l a t t i c e
Anderson model .  The f i r s t  such c a l c u l a t i o n  of  t h i s  ty p e  was done by
2ftArnold and S tevens  . They s tu d ie d  a t h r e e  s i t e  model in  th e  i n f i n i t e  U
9Q
l i m i t .  P a r l e b a s  e t  a l .  a p p l i e d  t h e  l a t t i c e  Anderson model to  a f o u r  
s i t e  t e t r a h e d r a l  c l u s t e r  w i th  p e r i o d i c  boundary c o n d i t i o n s .  In t h e i r  
c a l c u l a t i o n ,  th e y  c o n s id e re d  one e l e c t r o n  pe r  s i t e  and c a l c u l a t e d  
e x a c t l y  t h e  dependence o f  th e  f - o c c u p a t i o n  on the  model p a r a m e t e r s .
Of)
R e c e n t ly ,  H ir sch  and Fye have developed a new Monte C a r lo  approach f o r  
t h e  sys tems w i th  a s i n g l e  im pur i ty  i n t e r a c t i n g  w i th  c o n d u c t io n  e l e c t r o n s
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in  a m e t a l .  Zhang and Callaway have a p p l i e d  t h i s  scheme t o  t h e  l a t t i c e  
model .  However t h e  Monte Car lo  approach runs  i n t o  s e r i o u s  d i f f i c u l t i e s  
when U i s  l a r g e  or  V i s  s m a l l ,  i n  o t h e r  words,  when th e  dynamical  energy
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s c a l e  i s  smal l  ( f o r  l a r g e  U, t h e  s c a l e  i s  t 2 /U; and small  V, V2/U ) .  In 
t h e  p r e s e n t  work,  we r e p o r t  two i n v e s t i g a t i o n  of  t h e  p e r i o d i c  Anderson 
model d e f in e d  on th e  f o u r - s i t e  squa re  l a t t i c e  and t e t r a h e d r a l  c l u s t e r s .
We focus  on th e  w e a k - h y b r i d i z a t i o n ,  s t r o n g  i n t e r a c t i o n  s e c t o r  o f  
t h e  model ,  f o r  which th e  quantum Monte Car lo  method f a i l s  to  work.  We 
c a l c u l a t e  th e  ground s t a t e  f - e l e c t r o n  occupancy,  based on which we cou ld  
c l a s s i f y  th e  ground s t a t e  e i t h e r  t o  be Kondo o r  mixed v a l e n c e .  The 
r e s u l t s  f o r  th e  f - s u s c e p t i b i l i t y  show th e  u n i v e r s a l  shape o b t a in e d  by
on
t h e  r e n o r m a l i z a t i o n  group c a l c u l a t i o n s  f o r  t h e  s i n g l e  im p u r i ty  model . 
The s p e c i f i c  h e a t  shows a high peak a t  low t e m p e r a t u r e s  re sem b l ing  t h a t  
obse rved  in  heavy Fermion sys tems .  We a l s o  c a l c u l a t e  th e  s p e c i f i c  h ea t  
in t h e  e x t e r n a l  magnetic  f i e l d  and f i n d  the  s u p p r e s s i o n  of  the  sharp  
s p e c i f i c  h e a t  in  t h e  p r e s e n c e  of  a s t r o n g  magnet ic  f i e l d .  This  a g re e s  
v e ry  wel l  w i th  t h e  r e s u l t s  o f  th e  r e c e n t  exper im en ts  done on heavy 
Fermion systems .
In summary, th e  p r e s e n t  work advances t h e  s tudy  o f  model 
H am i l ton ians  f o r  th e  f i n i t e  systems in two r e s p e c t s .  F i r s t ,  group th e o ry  
s y m m e tr iza t io n  method t a k e s  advan tage  o f  t h e  fundamenta l  symmetr ies  of 
t h e  H am i l ton ian  and al lows one t o  work on ly  in th e  much s m a l l e r  
i n v a r i a n t  su b sp a c e s .  Second, our m od i f ied  Lanczos method p r o v id e s  an 
e f f i c i e n t  way t o  s tu d y  t h e  ground s t a t e  p r o p e r t i e s  o f  th e  H a m i l to n i a n s .  
We have implemented th e  Lanczos method us ing  b i t  s t r i n g  o p e r a t i o n s  so 
t h a t  r e q u i r e m e n t s  f o r  th e  computing t ime and computer  s t o r a g e  a r e  
mi nimum.
The r e s t  of  t h i s  d i s s e r t a t i o n  i s  o rg an iz ed  as f o l l o w s :
In Chapter  2 ,  S e c t i o n  2 . 1 ,  we d i s c u s s  t h e  gene ra l  numerica l  t e c h n iq u e s  
we used to  s tu d y  th e  models .  In S e c t io n  2 . 2 ,  we e x p l a i n  in  d e t a i l  the
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p ro ced u re  of  b a s i s  sy m m e tr iza t io n .  And in  S e c t io n  2 . 3 ,  we p r e s e n t  our 
modi f ied  Lanczos method.
In Chapte r  3,  we f i r s t  rev iew b r i e f l y  the  s tudy  of  th e  Hubbard 
model .  Then we p r e s e n t  our a p p l i c a t i o n  o f  th e  methods d i s c u s s e d  in  
Chap te r  2 to  some r e a l  sy s tem s ,  such as  t h e  simple c u b ic  c l u s t e r ,  and to  
bcc c l u s t e r s .  In Chapter  A, we r e p o r t  our c a l c u l a t i o n s  o f  th e  im p u r i ty  
Anderson and L a t t i c e  Anderson models .
Some sample computer  programs and in p u t  d a t a  and o u tp u t  r e s u l t s  a r e  
in c lu d ed  in  t h e  Appendix.
CHAPTER 2 
Methods o f  th e  C a lc u la t io n
In t h i s  c h a p t e r ,  we p r e s e n t  our  methods o f  c a l c u l a t i o n .  In t h e  
f i r s t  s e c t i o n ,  we d e s c r i b e  th e  ge n e ra l  method f o r  computer 
d i a g o n a l i z a t i o n  of  t h e  models ,  and d e f i n e  th e  q u a n t i t i e s  c a l c u l a t e d .  
Then in  th e  second s e c t i o n ,  we p r e s e n t  our  s y m m e t r i z a t io n  method.  In 
l a s t  s e c t i o n ,  we d i s c u s s  t h e  m odi f ied  Lanczos method and s p e c i a l  




2 .1  The G eneral Computer S im u la tio n  o f  Model H am ilton ian s
For th e  model H am i l ton ians  d e f in e d  on th e  f i n i t e  c l u s t e r s ,  t h e r e  
a r e  on ly  f i n i t e  numbers of  independent  p o s s i b l e  c o n f i g u r a t i o n s  o f  t h e  
e l e c t r o n  s t a t e s  f o r  the  f i x e d  e l e c t r o n  occupancy.  All t h e s e  p o s s i b l e  
s t a t e s  a r e  b a s i s  wave f u n c t i o n s .  In the  c l u s t e r  approach ,  t h e  c r i t i c a l  
problems in c lu d e  how t o  s e t  up the  b a s i s  and how t o  c a l c u l a t e  the  
H am i l ton ian  m a t r ix  e lem en ts  between b a s i s  s t a t e s .  Once the  m a t r ix  
e lem en ts  a r e  found ,  one could  use the  s t a n d a rd  e i g e n v a lu e  s u b r o u t i n e  t o  
d i a g o n a l i z e  t h e  m a t r ix  and g e t  a l l  t h e  e i g e n v a lu e s  and c o r r e s p o n d in g  
e i g e n v e c t o r s  e x a c t l y .  Hence, one can c a l c u l a t e  any c o r r e l a t i o n  f u n c t i o n s  
and thermodynamic q u a n t i t i e s  o f  i n t e r e s t .  Next We w i l l  d i s c u s s  how t o  
pe r fo rm  th e  t h r e e  s t e p s  of  t h e  com puta t iona l  p ro c e d u re .
I .  To g e n e r a t e  th e  b a s i s  s t a t e s
We use th e  b a s i s  c a l l e d  m-scheme b a s i s  in n u c l e a r  p h y s i c s .  The 
b a s i s  i s  g e n e r a t e d  by our  s u b r o u t in e  CONFIG from two i n t e g e r s :  th e  
number of  o r b i t a l s  and th e  number of  e l e c t r o n s  o f  a s p e c i f i c  s p i n  
o r i e n t a t i o n .  S ince  we use t h e  second q u a n t i z e d  form of  th e  H a m i l to n i a n s ,  
t h e  b a s i s  cou ld  be r e p r e s e n t e d  by a s e t  of  o c c u p a t io n  numbers f o r  a l l  
t h e  o r b i t a l s .  Because th e  model Hamilton ians  must p r e s e r v e  th e  t o t a l  
s p in  and i t s  z - p r o j e c t i o n ,  we can c o n s id e r  subspaces  w i th  f i x e d  Sz . We 
e x p r e s s  th e  b a s i s  s t a t e  v e c t o r  as  th e  d i r e c t  p roduc t  o f  u p - p a r t  and 
down-par t  v e c t o r s  a s :
| b a s i s > = | u p - p a r t  b a s i s > |d o w n - p a r t  ba s i s>
A s p e c i f i c  c o n v e n t io n  f o r  o rd e r in g  s t a t e s  i s  r e q u i r e d  because  t h e  s ig n
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of a Fermion wave f u n c t i o n  changes  i f  s t a t e s  a re  i n t e r c h a n g e d .
Now th e  q u e s t i o n  c o n v e r t s  t o  t h e  g e n e r a t i o n  o f  b a s i s  s t a t e s  i n  the  
subspa ces  with  f i x e d  Sz . We can g e n e r a t e  t h e  s p in -u p  p a r t  and t h e  s p i n -  
down p a r t  of  the  b a s i s  s t a t e s  s e p a r a t e l y .  The way to  g e n e r a t e  th e  b a s i s  
i s  t o  f i n d  a l l  d i s t i n c t  p e rm u ta t io n s  among th e  o r b i t a l s  f o r  both  up and 
down p a r t s .  P r a c t i c a l l y ,  we do not  keep th e  p roduc t  of  up and down p a r t s  
o f  th e  b a s i s  s t a t e s  in t h e  computer  memory. I n s t e a d ,  we keep t r a c k  of  
t h e s e  b a s i s  s t a t e s  by a s e t  o f  two i n t e g e r s  coun t ing  which u p - b a s i s  and 
which down-bas is  a r e  i t s  p roduc t  f a c t o r s .  Cons ider  th e  two s i t e  system 
as an example.  One needs t o  s tudy  th e  subspace  w i th  two e l e c t r o n s  and 
t o t a l  Sz z e r o .  The numbers o f  up e l e c t r o n s  and down e l e c t r o n s  a r e  each 
one in o r d e r  t o  s a t i s f y  Sz =0. There a r e  only  two ways f o r  an e l e c t r o n  to  
be a s s ig n e d  to  two o r b i t a l s  on t h e  two s i t e s .  The u p - p a r t  of  b a s i s  and 
down-par t  of  the  b a s i s  a r e  i d e n t i c a l .  They a r e :
| 1 > -  | 10 >
| 2 > = | 01 >
( 2 . 1 . 1 )
where t h e  d i g i t s  ' 0 , 1 '  r e p r e s e n t  e i t h e r  t h e  o r b i t a l  i s  empty o r  
o c c u p i e d ;  t h e  p la c e  of  t h e  d i g i t  ' 0 , 1 '  deno te s  th e  o r b i t a l s .  In t h e  case  
o f  t h e  Hubbard model,  each s i t e  c o n t a in s  one o r b i t a l .  So t h e  p l a c e  a l s o  
d e n o te s  t h e  s i t e  which th e  e l e c t r o n  o c c u p i e s .  Because of  t h e  P au l i  
e x c l u s i o n  p r i n c i p l e ,  t h e  o c c u p a t io n  numbers f o r  Fermions a r e  j u s t  ' 0 , 1 ' .  
A ' 1 '  d e n o t e s  th e  o r b i t a l  i s  occup ied ;  w hereas ,  'O' i n d i c a t e s  empty.  We 
may s t o r e  th e  u p - p a r t  and t h e  down p a r t  of  b a s i s  in  two tw o-d im ens ion  
a r r a y s .  However, in  t h i s  scheme, each b a s i s  s t a t e  cou ld  be e x p re s s e d  as  
a b i n a r y  number and s to r e d  in  t h e  space  of  one i n t e g e r  t o  save computer
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memory. We w i l l  come back to  t h i s  p o in t  l a t e r  in S e c t io n  2 .3 .
A s t a t e  v e c t o r  f o r  the  system i s  the  d i r e c t  p roduc t  of  the  up and 
down p a r t  b a s i s  as  d e s c r ib e d  above.  There a re  fou r  p o s s i b l e  s t a t e s .
b a s i s  s t a t e  # up-part down-part 
| 1 > = | 10 > | 10 >
| 2  > =  1 1 0  > | 01  >
| 3 > = j 01 > | 10 >
| 4 > = | 01  > | 01 >
(2 . 1 . 2 )
In the  c a l c u l a t i o n ,  we only need to  know:
t h e  s t a t e  1 i s  th e  p roduc t  o f  the  u p - s t a t e  1,  and down 1
t h e  s t a t e  2 i s  th e  p roduc t  o f  th e  u p - s t a t e  1,  and down 2
t h e  s t a t e  3 i s  th e  p roduc t  o f  th e  u p - s t a t e  2 ,  and down 1
t h e  s t a t e  4 i s  the  p roduc t  o f  th e  u p - s t a t e  2 ,  and down 2
In t h i s  way, we can save s u b s t a n t i a l  amounts o f  computer memory.
Our s u b r o u t i n e s  GENLST and CONFIG a r e  bo th  des igned t o  g e n e ra te  
b a s i s  wave f u n c t i o n s .
I I .  To c a l c u l a t e  the  m a t r ix  elements of t h e  Hamil tonian 
We can c o n s id e r  the  Hubbard Hamil tonian Eq(1 .4)  w i thou t  l o s s  of  
g e n e r a l i t y .  S ince  we use the  b a s i s  s t a t e s  in t h e  occupa t ion  number 
r e p r e s e n t a t i o n ,  th e  Coulumb term ( the  second te rm of th e  H amilton ian)  is  
d iagona l  in  t h i s  b a s i s .  The hopping term ( th e  f i r s t  term) would g ive  
r i s e  t o  the  non-zero  o f f - d i a g o n a l  matr ix  e lem en t s .  Again,  i t  i s  very  
im por tan t  to  keep t r a c k  of  Fermion s i g n s .  The way to  f i n d  th e  s ig n  i s  to 
c a r e f u l l y  apply  th e  a n t i  commutation r u l e s  f o r  Fermions.  They a r e :
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{ c t  ,  C • , } = 6 . • 6 ,
l o  Jo ' 1J 00
<Ci „ -  Cj o ' , = l Ci o lCj o ' l =0
( 2 . 1 . 3 )
Using th e  above Eq( 2 . 1 . 3 )  and app ly ing  the  hopping te rm c *(Jc j 0 t o  a 
b a s i s  s t a t e  wave f u n c t i o n  d e s c r ib e d  as th e  p roduc t  o f  a u p - p a r t  and a 
d o w n -p a r t ,  one can show t h a t  the  e x t r a  s ig n  i s
N
S ^ ( - 1) °
( 2 . 1 . 4 )
where
6
N = ? n 0
o _L ia!l = a
a = m in ( i , j ) + l , B = m a x ( i - 1 , j - 1 ) , i f  | i - j  J-2
a = m i n ( i , j ) ,  6 = m a x ( i , j ) ,  i f  | i - j | = l
( 2 . 1 . 5 )
Our s u b r o u t i n e  SIGN i s  s p e c i a l l y  w r i t t e n  t o  c a l c u l a t e  th e  s ig n  o f  the  
hopping te rm in  th e  model.
T h i s  way t o  keep t r a c k  of  s ig n s  can e a s i l y  be g e n e r a l i z e d  t o  dea l  
w i th  t h e  h y b r i d i z a t i o n  te rm in  t h e  l a t t i c e  Anderson model Eq(1_5) .
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The hopping te rm c t  c .  has non-ze ro  m a t r ix  e lements  between3 To Jo
very  small  numbers of  s t a t e s .  We w i l l  have a very  s p a r s e  m a t r ix  
depending on th e  d e t a i l  of  t h e  geometry of  the  system.  In o r d e r  to  
c a l c u l a t e  m a t r ix  e lements  e f f i c i e n t l y , ,  i t  i s  n e c e s s a ry  f o r  us t o  have 
some ' s e l e c t i o n  r u l e s . '  The c r i t e r i a  t o  make a judgment whether  s t a t e s  
a ,  6 a r e  connec ted  by t h i s  hopping term a r e  as f o l l o w s :
1. Na = N6 , Na i = N6 ,o o a a
where N d en o te s  th e  t o t a l  number o f  e l e c t r o n  f o r  d i f f e r e n t  s p i n  o , o '  
in  t h e  s t a t e s  a ,  s .  These e q u a t io n s  a r e  s e l f - e v i d e n t  s i n c e  the  hopping 
te rm s  do not  change th e  t o t a l  s p in  in  th e  z - d i r e c t i o n .
2.  |o> ,= |e> , , w i th  o ' = - o .o o
3.  The o sp in  p a r t s  of  t h e  w avefunc t ions  f o r  s t a t e s  a ,  b on ly
d i f f e r  on two s i t e s .
4.  Find t h e s e  two s i t e s  and check whether  t h e s e  two s i t e s  a r e  the
n e a r e s t - n e i g h b o r s  o r  n o t ,  because  we c o n f in e  o u r s e l v e s  t o  c o n s i d e r  on ly  
t h e  n e a r e s t - n e i g h b o r  hopping as t h e  model i s  d e f i n e d .  In th e  bcc 
c l u s t e r ,  we c o n s id e r  th e  second n e a r e s t - n e i g h b o r  hopping to o .  This  t e rm ,  
as w i l l  be seen  l a t e r ,  g iv e s  even r i c h e r  p h y s i c s .
I I I .  To d i a g o n a l i z e  the  Hami l ton ian  in  m a t r ix  r e p r e s e n t a t i o n  
The d i a g o n a l i z a t i o n  i s  c a r r i e d  ou t  by c a l l i n g  t h e  s t a n d a r d  e i g e n -  
problem s u b r o u t i n e s .  The two we used a r e  EIGRS in  t h e  IMSL l i b r a r y  , 
and DSLEV in  t h e  v e c t o r i z e d  ESSL l i b r a r y ^ .  Our c a l c u l a t i o n s  a r e  done on 
t h e  IBM 3090 -  600E computer  a t  LSU.
In t h e  r e s t  o f  t h i s  s e c t i o n ,  we fo cu s  on th e  d e f i n i t i o n s  of  t h e  
q u a n t i t i e s  c a l c u l a t e d  and c o n v en t io n s  of  n o t a t i o n s  used .
F i r s t ,  we use t h e  magnitude  o f  t h e  hopping m a t r ix  e lement t  as  our  
energy  u n i t ,  t h a t  i s ,  l e t  | t [ = l  th ro u g h o u t  our work.  The m agne t ic
s u s c e p t i b i l i t y  and o t h e r  thermodynamic q u a n t i t i e s  a r e  c a l c u l a t e d  in  t h e
i




( 2 . 1 . 6 )
where nx=n, t h e  rumber of  e l e c t r o n s ,  i f  the  number o f  e l e c t r o n s  i s  equa l  
to  o r  l e s s  th a n  th e  number o f  s i t e s ;  o th e rw is e  nx=2N-n, w i th  N being  th e  
number of  s i t e s .  T deno tes  the  t e m p e ra tu re  o f  the  sys tem.  The index j  
d en o te s  an e i g e n s t a t e  and nij i s  g iven  by
mj = <J'I ~y ~ ( n t - n + ) | j> = - y - ( n  + - n + ) j
( 2 . 1 . 7 )
Hence, nij r e p r e s e n t s  the  az imutha l  quantum number S2 i n  u n i t s  of  |rf f o r  
t h e  j t h  e i g e n s t a t e .  Fur therm ore ,  s in c e  we work in  th e  subspaces  with  
f i x e d  $2 , rrij i s  th e  same f o r  a l l  t h e  e i g e n s t a t e s  in the  same subspace .  
The q u a n t i t y  Z i s  t h e  can o n ica l  p a r t i t i o n  f u n c t i o n
- eEi
Z = I e J , 6-1/kgT
J ( 2 . 1 . 8 )
kg be ing th e  Bol tzm ann 's  c o n s t a n t .
The s p e c i f i c  hea t  i s  c a l c u l a t e d  accord ing  to
The sp in  c o r r e l a t i o n  f u n c t i o n s  a r e  d e f in e d  as f o l l o w s .  Let
L ( J) = ~7T <j | ( n _ n  ) ( n - n ) | j >11VW /  4  J | V  p t  p + ' ^  V+
(2 . 1 . 10)
in which p and v denote the s i t e s .  Then the canonical  thermal average  
i s
- bE
<L (T)>=—i — V e j L ( j )p v L  ̂ p \>
( 2 . 1 . 1 1 )
The charge c o r r e l a t i o n  funct ion  i s  defined  in a s im i la r  way by
c (T) -  I  C ( j ) e  J pv L pv' '
J
with
C ( j )  = <j | n  n | j>  -  <j | n  | j > < j | n  | j>pv 1 p V 1 P V
( 2 . 1 . 12 )
The s u p e r c o n d u c t i v i t y  p a i r i n g  c o r r e l a t i o n  f u n c t i o n s  we c o n s i d e r  a r e  in 
t h e  same n o t a t i o n  as H i r s c h ' s  , e x ce p t  we make a s u b t r a c t i o n  o f  th e  
s i n g l e  p a r t i c l e  c o n t r i b u t i o n  and deno te  t h e  r e s u l t  by
18
"f* +
<<c. c .  ,c. , c ,  »  . This means t h a t  in c o n s id e r i n g  th e  o p e r a t o r  
l o  Jo  Ko I o
c .  c ,  , c t  , c t  , we l e t
To J o  k o  l o
« C .  C- . c t  , c t  » =  < c .  c .  ,cT  . c t  > -  < c.  c t  ><:c . , c t  , > 
To Jo ko l o  To Jo ko  l o  l o  l o  J o  ko
( 2 . 1 . 1 3 )
( 2 . 1 . 1 4 )
Then th e  s t a t i c  p a i r i n g  c o r r e l a t i o n  f u n c t i o n s  ta k e  th e  form
s(q)=-jr I lexP(ici(RlJ-Rv)l<<0X >>
where 0 t a k e s  one of  the  fo l l o w in g  forms u
0 = c x  f o r  loc a l  s i n g l e t  p a i r i n g  y U +
0 =—— | c c c ,c . J  f o r  ex tended s i n g l e t  p a i r i n g
M J 2 ~ 1 p t  P + X +  p + X +  3
c , c  , , f o r  t h e  t r i p l e t  p a i r i n gU+ P + X +  r r  a
0 (J=~ ~ [ Cp+c^+x++ c p +c p+xJ  f o r  t h e  ex tended  t r i p l e t  p a i r i n g
( 2 . 1 . 1 5 )
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2 .2  The Sym m etrization  o f  B a s is  V ec to rs
In th e  p r e v io u s  s e c t i o n ,  we have d e s c r ib e d  th e  g e n e ra l  way to  
d i a g o n a l i z e  t h e  model H ami l ton ians  on c l u s t e r s .  We assume t h a t  we always 
have l a r g e  enough computer s t o r a g e  and enough computing t ime t o  hand le  
t h e  m a t r ix  o f  t h e  Ham i l ton ian .  U n f o r t u n a t e l y ,  t h e  major  d i f f i c u l t y  in 
c l u s t e r  c a l c u l a t i o n s  i s  t h a t  t h e  dimension o f  th e  m a t r ix  t o  be 
d i a g o n a l i z e d  i n c r e a s e s  very  r a p i d l y  with  t h e  s i z e  of  t h e  c l u s t e r  and th e  
number o f  t h e  p a r t i c l e s  in  t h e  sys tem.  Sooner or  l a t e r ,  one w i l l  f i l l  up 
t h e  computer  memory and run o u t  of  computing t im e .  To overcome t h i s  
l i m i t a t i o n ,  we symmetrize t h e  b a s i s .
This  method f i n d s  a new s e t  o f  b a s i s  wave f u n c t i o n s  in  which th e  
H am i l ton ian  i s  in  block d i a g o n a l i z e d  form. This  s e t  of  b a s i s  wave 
f u n c t i o n s  i s  t h e  not  e q u i v a l e n t  i r r e d u c i b l e  r e p r e s e n t a t i o n  wave 
f u n c t i o n s  in t h e  H i l b e r t  space  o f  th e  H am i l ton ian .  Our goal  i s  t o  f in d  
t h i s  new b a s i s  s e t  w i th  th e  he lp  o f  group t h e o r y ,  so t h a t  we can 
s u b s t a n t i a l l y  c u t  down th e  m a t r ix  s i z e .
The new b a s i s ,  i f  found ,  would be e q u i v a l e n t  to  a u n i t a r y  
t r a n s f o r m a t i o n  o f  t h e  o r i g i n a l  m-scheme b a s i s  to  t h i s  new s e t .  In o t h e r  
words,  we do no t  a c t u a l l y  do th e  m a t r ix  t r a n s f o r m a t i o n  to  b lock 
d i a g o n a l i z e  t h e  o r i g i n a l  H am i l ton ian .  We f i n d  d i r e c t l y  t h e s e  i r r e d u c i b l e  
r e p r e s e n t a t i o n  wavefunc t ions  accord ing  t o  group t h e o r y .  We use  t h e  
p r o j e c t i o n  o p e r a t o r  as  our t o o l  t o  ach ieve  our  g o a l .  Then we can 
c a l c u l a t e  t h e  m a t r ix  e lem en ts  of  t h e  Hami l ton ian  only  between t h e s e  wave 
v e c t o r s  which t r a n s fo rm  acc o rd in g  to  th e  same i r r e d u c i b l e  
r e p r e s e n t a t i o n .  M atr ices  formed t h i s  way a r e  j u s t  t h e  s u b -b lo c k  m a t r i c e s
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we mentioned  e a r l i e r .  So, we then  d i a g o n a l i z e  t h e s e  s u b - m a t r i c e s  one by 
one and g e t  t h e  complete  e i g e n - s p e c t r a  o f  th e  H am i l ton ian .  Next ,  we w i l l  
d i s c u s s  t h i s  p rocedu re  in  more d e t a i l .
To beg in  w i t h ,  l e t  us a g a in  t a k e  t h e  t w o - s i t e  system as an example.  
In t h e  two s i t e  sys tem,  t h e  p a r i t y  o r  th e  r e f l e c t i o n  o f  t h e  system in  a 
p l a n e  th ro u g h  th e  midpoin t  o f  the  l i n e  j o i n i n g  th e  c e n t e r s  i s  a symmetry 
o p e r a t i o n .  Th i s  o p e r a t i o n  and the  i d e n t i t y  o p e r a t i o n  t o g e t h e r  form a 
g roup .  The i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  t h i s  group a r e  one 
d im e n s i o n a l ,  and th e  b a s i s  f u n c t i o n s  f o r  them a r e  e i t h e r  even  o r  odd 
under  t h e  p a r i t y  o p e r a t i o n .  They a r e
i i « _ y  | i > + |4> ]
✓2
|2>= - L  [ 12>+1 3> )
/2
|3>= - L | | l > „ | 4 > |
a
| 4> .  J L  | | 2 > - | 3 . |
✓2
where t h e  f i r s t  two new s t a t e s  a re  o f  even p a r i t y ;  w hereas ,  th e  l a s t  two 
of  odd p a r i t y ;  t h e  s t a t e  |1>,  |2>,  |3>,  |4> a r e  g ive n  in  Eq(2 . 1 - 2 ) .  The 
m a t r ix  o f  t h e  Hubbard H amiltonian  in the  o r i g i n a l  b a s i s  i s
U t  t  0 
t o o t  
t o o t  
0 t  t  U
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The H am i l ton ian  in  th e  new b a s i s  i s
U 2t  0 0 
2 t  0 0 0 
0 0 U 0 
0 0 0 0
O bvious ly ,  i t  i s  in  th e  block d i a g o n a l i z e d  form. This  i s  how the  
sy m m e t r i z a t io n  o f  b a s i s  method works.
In g e n e r a l ,  we need t o  s tudy  th e  b a s i c  symmetries of  the  
H a m i l to n i a n s .  These symmetries a r e :
1. Symmetry of  t o t a l  s p i n ,  and S2 ,
[ H, S)=0,  and [H, Sz |=0 ( 2 . 2 . 1 )
2.  Symmetry of  sp a c e ,  inv o lv in g  p o in t  and t r a n s l a t i o n  g r o u p s ,
G
[H, Gj=0 ( 2 . 2 . 2 )
3. Symmetry of  p a r t i c l e  and hole
The p a r t i c l e  and hole  symmetry w i l l  he lp  us t o  r e c o g n i z e  t h e  
r e l a t i o n s h i p  between s t a t e s  w ith  d i f f e r e n t  p a r t i c l e  numbers,  p rov ided  
t h a t  t h e  o ccupa nc ie s  obey t h e  p a r t i c l e  and ho le  symmetry. But t h i s  
symmetry w i l l  no t  do us any good f o r  th e  r e d u c t i o n  o f  t h e  m a t r ix  t o  be 
d i a g o n a l i z e d .  And we w i l l  no t  use i t  in  t h i s  s e c t i o n .  The sp in  symmetry 
i s  u n i v e r s a l  f o r  a l l  models .  Th is  can be simply unders tood  in  te rm s  of  
t h e  i s o t r o p y  o f  t h e  space ;  th e  s p i n  syinnetry i s  a h ig h e r  symmetry than  
th e  r o t a t i o n  symmetry.  As f o r  the  space symmetry,  we c o n s i d e r  l a t t i c e s  
in  condensed m a t t e r  p h y s i c s ,  in  which atoms p e r i o d i c a l l y  a r r a n g e  
the m se lves  in  a unique way. We th e n  have r o t a t i o n  symmetry,  which i s  
d e s c r i b e d  by th e  p o i n t  g roup .  The combination  o f  r o t a t i o n a l  and
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t r a n s l a t i o n  o p e r a t i o n s  which leave  t h e  system unchanged forms t h e  space
group .  I t  i s  t h e  s p in  symmetry and space  group symmetry t h a t  w i l l  he lp
us t o  reduce  t h e  H i l b e r t  space  i n t o  i t s  i n v a r i a n t  su b sp a ces .
Let us c o n c e n t r a t e  f i r s t  on t h e  p o i n t  g ro u p ,  which i s  a f i n i t e
g roup .  C e r t a i n  c l u s t e r s ,  which have s p e c i a l  shapes ( s q u a r e s  and cubes
f o r  exam ple ) ,  a r e  unchanged by the  o p e r a t i o n s  o f  a. symmetry group.
Symmetry g roups  a r e  subgroups of  th e  p e rm u ta t io n  group o f  a l l  s i t e s  in
c l u s t e r s .  To use t h e s e  g roups ,  we must know t h e i r  i r r e d u c i b l e
r e p r e s e n t a t i o n s  and c o r re spond ing  c h a r a c t e r  t a b l e s .  F o r t u n a t e l y ,  a l l
t h e s e  a r e  well  documented and ready to  u s e ^ .  In a d d i t i o n ,  we need t o
17d e f i n e  some q u a n t i t i e s  and b a s i c  theorems in group t h e o ry  .
Theorem 1. The s e t  o f  c o o r d in a t e  t r a n s f o r m a t i o n s  t h a t  l e ave  th e  
H am i l ton ian  i n v a r i a n t  forms a group .  And t h i s  group i s  c a l l e d  th e  
i n v a r i a n t  group of  th e  H am i l ton ian ,  or  sometimes r e f e r r e d  to  a s  th e  
group of  t h e  S ch rod inge r  e q u a t io n .
Theorem 2.  For every  c o o r d i n a t e  t r a n s f o r m a t i o n  T o f  t h e  i n v a r i a n t  
group of  t h e  Hamilton ian
| 0 ( T ) , H (r)]=0
( 2 . 2 . 3 )
where 0(T) d e n o te s  t h e  o p e r a t o r  making th e  t r a n s f o r m a t i o n  T.
Theorem 3. The number of  t imes  np t h a t  an i r r e d u c i b l e  r e p r e s e n t a t i o n  
r p a p p e a r s  i n  a r e d u c i b l e  r e p r e s e n t a t i o n  r i s  g ive n  f o r  a f i n i t e  
group G by
n I  x (T)xp (T)*
P 9 jeG
( 2 . 2 . 4 )
where xp (T) and x(T) a r e  t h e  c h a r a c t e r s  of  r p and r r e s p e c t i v e l y  and g
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i s  t h e  o r d e r  o f  th e  group G.
According t o  Theorem 3,  we can f in d  the  r e d u c t i o n  o f  t h e  H i l b e r t  
space  o f  t h e  H ami l ton ian  as to  which subspace  and how many t im es  i t  
o c c u r s  in  t h e  r e d u c t i o n  t o  b lock d i a g o n a l i z e d  form.
p
Theorem 4.  Any L f u n c t i o n  4>(r) can be w r i t t e n  as a l i n e a r  
c o m b in a t io n  of  b a s i s  f u n c t i o n s  o f  th e  u n i t a r y  i r r e d u c i b l e  r e p r e s e n t a t i o n
O
of  a group G o f  c o o r d in a t e  t r a n s f o r m a t i o n s  in  R . That  i s
dp
>(r)= [ I aj ^(r)
P J=1 J J
( 2 . 2 . 5 )
where ^ ( r )  i s  a normal ized  b a s i s  f u n c t i o n  t r a n s f o r m i n g  as th e  j th  row 
of  t h e  dp -d im ens iona l  u n i t a r y  i r r e d u c i b l e  r e p r e s e n t a t i o n  r p of  G, 
t h e  a? a r e  a s e t  o f  complex numbers and th e  sum over  p i s  o ve r  a l l  t h e
J
p
n o t  e q u i v a l e n t  u n i t a r y  i r r e d u c i b l e  r e p r e s e n t a t i o n s  of  G; L d e n o t e s  th e
p
l i n e a r  s e p a r a b l e  H i l b e r t  space .  Normally,  L i s  t h e  s e t  ( s pace )  of
o
s q u a re  i n t e g r a b l e  f u n c t i o n s .  R d en o te s  the  r e a l  t h r e e - d i m e n s i o n a l  
E u c l id e a n  space .
Th i s  theorem g u a ra n t e e s  t h a t  a s e t  of  b a s i s  f u n c t i o n s  o f  a l l  no t
p
e q u i v a l e n t  i r r e d u c i b l e  r e p r e s e n t a t i o n s  form a b a s i s  s e t  in L .
The P r o j e c t i o n  o p e r a t o r s :  Let r p be a u n i t a r y  i r r e d u c i b l e  
r e p r e s e n t a t i o n  o f  dimension dp of  a f i n i t e  c o o r d i n a t e  t r a n s f o r m a t i o n  
group G o f  o r d e r  g .  Then the  p r o j e c t i o n  o p e r a t o r s  a r e  d e f in e d  by
Pp = - 2 -  V r p (T) 0 (T) mn g r Ln v 'mn v ' 3 TeG
( 2 . 2 . 6 )
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where r Pn i s  th e  m a t r ix  elemen t and 0(T) i s  an o p e r a t o r .
Theorem 5.  The p r o j e c t i o n  o p e r a t o r s  Ppp have th e  fo l l o w i n g  
p r o p e r t i e s :
p
(a)  For any two f u n c t i o n s  $ ( r )  and 4i ( r )  of L
< p P  $  I i j j>=<it> I p P  di>mn 1 1 nrrr
( 2 . 2 . 7 )
so t h a t  t h e  p r o j e c t i o n  o p e r a t o r s  PPn d e f in e d  above a r e  s e l f - a d j o i n t .
p
(b) For any f u n c t i o n  $ ( r )  o f  L
p [ * j ( r ) = a P$|! (r )  mn '  ' n n '  '
(2 .2 .8 )
where a p a r e  t h e  c o e f f i c i e n t s ,  and a r e  b a s i s  f u n c t i o n s  o f  t h e  n n
expans ion  of  * ( r )  ( s ee  E q ( 2 . 2 .4 ) )  t h a t  r e l a t e  t o  th e  nt h  row of r p .
(c)  I f  4 ^ ( 0 ,  <|>2 ( r )» a r e  t>a s i s f u n c t i o n s  t r a n s f o r m i n g  as  th e
u n i t a r y  i r r e d u c i b l e  r e p r e s e n t a t i o n  of  G, then
pP ^ ( r )  = 6 6 . ^ ( r )mn*jv pq njMtr ’
( 2 . 2 . 9 )
Theorem 6.  (The Wigner -Eckar t  theorem) Let r p , r ^ ,  r r  be u n i t a r y  
i r r e d u c i b l e  r e p r e s e n t a t i o n s  of  G of  d im ension dp ,  dq,  dr  r e s p e c t i v e l y ,  
and suppose  t h a t  ® j ( r ) ,  j = l . . . . , d p and 4̂ ( r ) ,  1 = 1 , . . . , d a r e  s e t s  o f  
b a s i s  f u n c t i o n s  f o r  r p and r q r e s p e c t i v e l y .  F i n a l l y ,  l e t




<̂ iq5i*5> = i (5 Ji*<riQqiP>a
a=l
(2 . 2 . 10)
f o r  a l l  j = l , . . . ,  dp,  k = l , . . . ,  dq,  and 1 = 1, . . . , d r , where | [P>0 i s  a 
s e t  of  n£ ' r e d u c e d  m a t r ix  e l em en t s '  t h a t  a r e  in dependen t  o f  j ,  k and
rH
1. Because  t h e  H ami l ton ian  i s  an i r r e d u c i b l e  t e n s o r  of  rank  z e r o ,  i t  
does not  mix d i f f e r e n t  sym metr ies .  Hence, i t  has no m a t r ix  e l em en t s  
between s t a t e s  o f  d i f f e r e n t  symmetr ies .  This  theorem g u a r a n t e e s  us t h a t  
t h e  H am i l ton ian  must be b lock d i a g o n a l i z e d  in  t h e  i r r e d u c i b l e  
r e p r e s e n t a t i o n  b a s i s  s e t .  Next we p rov ide  a s imple p ro o f  based on t h e  
f o l l o w i n g  theorem.
Theorem 7. Suppose t h a t  r^and a r e  two u n i t a r y  i r r e d u c i b l e  
r e p r e s e n t a t i o n s  of  a f i n i t e  group G. Then
f  TyP(T>
( 2 . 2 . 11)
where g i s  t h e  o r d e r  o f  group G and d_ i s  th e  d im ension  of  r ^ .
P» i n tl»i a
Suppose <t>m K and <t>n H a r e  th e  i r r e d u c i b l e  r e p r e s e n t a t i o n  b a s i s
f u n c t i o n s  of  i r r e d u c i b l e  r e p r e s e n t a t i o n s  and i,q r e s p e c t i v e l y .  Then
P»1 n q*1n 
<*m P l H | * n P>
- - r 1l 8% ’ P | r l H T
■ - f i  j  'n'n<T> " I v " >
3 T e G m n
which means i f  p*q or  m*n, th e n  t h e  above m a t r ix  elemen t i s  ze ro !
In  summary, f i r s t  we use Theorem 3 t o  f i n d  th e  c o e f f i c i e n t s  o f  t h e  
r e d u c t i o n  of  t h e  H am i l ton ian .  Second, we app ly  Theorem 4 t o  f i n d  a l l  t h e  
i r r e d u c i b l e  b a s i s  f u n c t i o n s  by the  p r o j e c t i o n  o p e r a t o r s .  And g u a ra n t e e d  
by Theorem 6 t h a t  t h e  H amiltonian  i s  in  a block d i a g o n a l i z e d  form,  we 
then  s e t  up t h e  m a t r ix  r e p r e s e n t a t i o n  of  t h e  H am i l ton ian  in  each 
subspace  and d i a g o n a l i z e  i t  e x p l i c i t l y .
The computer  program flow c h a r t s  f o r  t h e  above p ro ced u re  a r e  shown 
in F ig .  1, F ig .  2,  and F ig .  3.
Up to  now, we have cons ide re d  the  p o in t  g roup ,  and the  sp in
symmetry could  be used t o  f u r t h e r  p a r t i t i o n  a subspace  i n t o  a sum of 
even s m a l l e r  su b sp a ces .
Denote by ^ ( S , S z ) the  i r r e d u c i b l e  r e p r e s e n t a t i o n  wave f u n c t i o n  
of  group H, which i s  t h e  d i r e c t  p roduc t  group o f  th e  p o i n t  group and 
sp in  symmetry group w i th  S t o  the  t o t a l  sp in  and S2 ; l e t  o*3(S^) be 
th e  i r r e d u c i b l e  wave f u n c t i o n  of  p o i n t  group in  th e  space w i th  f i x e d  S2 .
We use  th e  t o t a l  sp in  lower ing  o p e r a t o r  S"
N
( 2 . 2 . 1 3 )
to  a c t  on t h e  i r r e d u c i b l e  wave f u n c t i o n s  4^(S ,S)  ( ^ ( S )  = 4̂ ( S , S )  ) 
o f  t h e  p o i n t  group in  t h e  space  of  sp in  S and t h e  h i g h e s t  p o s s i b l e  S2=S. 
This  y i e l d s  t h e  i r r e d u c i b l e  wave f u n c t i o n s  of  s p in  S, bu t  SZ=S-1 ,  i . e . ,
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♦ (S .S -1)  - S '  K.(S,S)
(2 .2 .1 4 )
Then in  t h e  space of S ^ S - l ,  we or thogonal  ize  th e  i r r e d u c i b l e  wave 
f u n c t i o n s  t ^ ( S - l )  of  th e  p o in t  group t o  th e  wave f u n c t i o n s  
i ^ ( S , S - l ) .  And we g e t  the  wave fu n c t i o n  ( S - l . S - l )  w ith  a t o t a l  sp in  
S - l .  In t h i s  way, we can couple  th e  sp in  symmetry to  th e  p o in t  group 
symmetry, and g e t  t h e  f i n a l  i r r e d u c i b l e  wave fu n c t i o n s  with  f i x e d  t o t a l  
s p i n ,  S2 , and d e f i n i t e  space symmetry.
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2 .3  The M od ified  Lanczos Method
The e x p l i c i t  d i a g o n a l i z a t i o n  method r e q u i r e s  l a rg e  computer  
s t o r a g e .  The s t a n d a r d  method i s  t h e  Householder t r a n s f o r m a t i o n ,  which 
t r i d i a g o n a l i z e s  a  m a t r ix  f i r s t  by s u c c e s s i v e  u n i t a r y  t r a n s f o r m a t i o n s ;  
and a t  t h e  same t im e ,  a l l  t h e  t r a n s f o r m a t i o n  m a t r i c e s  must be m u l t i p l i e d  
and s t o r e d  i f  t h e  e i g e n - v e c t o r s  a r e  r e q u i r e d .  The r eq u i r e m e n t  f o r  
s t o r a g e  i s  a t  l e a s t  tw ice  t h e  s i z e  of  t h e  m a t r ix  t o  be d i a g o n a l i z e d  p lu s  
th e  working a r e a .  As we s tudy  l a r g e r  and l a r g e r  sys tem s ,  th e  d im ens ion  
o f  t h e  H i l b e r t  s p a c e ,  namely t h e  dimension o f  th e  H ami l ton ian  m a t r i x ,  
grows e x p o n e n t i a l l y .  On th e  o t h e r  hand,  one i s  o f t e n  i n t e r e s t e d  in t h e  
ground s t a t e  p r o p e r t i e s  of  t h e  model; hence ,  on ly  a few low ly i n g  s t a t e s  
a r e  r e q u i r e d .  T h e r e f o re ,  i t  i s  no t  p r a c t i c a l  t o  f in d  t h e  whole e ig en  
s p e c t r a  of  t h e  H amilton ian  f o r  th e  fo l lo w in g  r e a s o n s :  (1)  i t  becomes 
very  expens ive  t o  c a l c u l a t e  l a r g e  numbers of  m a t r ix  e l e m e n t s ,  (2)  t h e  
r e q u i r e m e n t  f o r  s t o r a g e  exceeds  t h e  p r e s e n t  computer memory, and (3) one 
e x h a u s t s  CPU t im e  because  t h e  computing t ime f o r  th e  Householder  
p ro ced u re  grows as t h e  cube of  t h e  dimension o f  t h e  m a t r i x .  With t h e s e  
l i m i t a t i o n s ,  one needs t o  seek a s p e c i a l  d i a g o n a l i z a t i o n  p r o c e d u r e .  And 
t h i s  s p e c i a l  p ro ced u re  which we have used i s  t h e  Lanczos method.
The Lanczos method d e f i n e s  an o r thonormal p r o j e c t i o n  of  t h e  m a t r ix  
t o  be d i a g o n a l i z e d  i n t o  t h e  subspace  spanned by a few e i g e n v e c t o r s  of  
low ly in g  e i g e n v a l u e s .  The computing t im e  r e q u i r e d  by t h i s  method grows 
l i n e a r l y  w i th  t h e  s i z e  o f  t h e  m a t r ix  t o  be d i a g o n a l i z e d .
The Lanczos method was in t ro d u ced  in  1950. I t  had no t  drawn a l o t  
o f  a t t e n t i o n  due t o  i t s  numerica l  i n s t a b i l i t y  u n t i l  1980 when Paige  
observed  t h a t  t h e  l o s s  of  o r t h o g o n a l i t y  of  v e c t o r s  was a combined e f f e c t  
o f  convergence  o f  some e i g e n v e c t o r s  and th e  f i n i t e  p r e c i s i o n  a r i t h m e t i c
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of  m ach ines .  Such converged e i g e n v a lu e s  were shown t o  be good 
a p p ro x im a t io n s  t o  e ig e n v a lu e s  of  th e  m a t r i x .  From th e n  on,  i t  has become 
a we 11-deve loped  numerica l  e ig e n v a lu e  p ro c e d u re .  We have t e s t e d  t h e  
method a g a i n s t  t h e  s t a n d a r d  d i a g o n a l i z a t i o n  method,  and we have found 
t h a t  i t  g iv e s  very  r e l i a b l e  r e s u l t s  up t o  t e n  d i g i t s  in  t h e  s i g n i f i c a n t  
f i g u r e s ;  sometimes,  t o  t h e  machine p r e c i s i o n .
The b a s i c  Lanczos p rocedure  i s  to  s t a r t  w i th  a n o n -ze ro  v e c t o r  and 
app ly  t h e  fo l l o w in g  fo rmula .
S t a r t  w i th  nonzero Vj,  l e t  b^=0, VQ=0 and
b i + i v i + i =AV a i V b i V i
a i =<V . |A |Vi >
b i + r <Vi + l l A l V i > = l l AV b i V i - r a i Vi 11
( 2 . 3 . 1 )
For each j ,  t h e  c o r re s p o n d in g  Lanczos m a t r ix  Tj  i s  d e f in e d  as t h e  r e a l  
s y n m e t r i c  t r i d i a g o n a l  m a t r ix  w i th  d iagona l  e n t r i e s  a i t  i = l , . . . , j ,  and 
subd iagona l  e n t r i e s  b i + j ,  i = l , . . . , j - l .
From t h i s  r e c u r s i o n  fo rm u la ,  one o bse rves  t h a t  t h e  Lanczos 
p ro c e d u re  i s  an o r th o g o n a l  p r o j e c t i o n  of  whole H i l b e r t  space  t o  i t s
oo
s u b sp a ce .  I t  i s  proved by :
Theorem 1. Let  A be a n by n r e a l  symmetric m a t r ix  w i th  n d i s t i n c t  
e i g e n v a l u e s .  Let v^ be a u n i t  s t a t e  v e c t o r  w i th  a nonzero  p r o j e c t i o n  
on to  ev e ry  e i g e n v e c t o r  o f  A. Use th e  b a s i c  s i n g l e - v e c t o r  Lanczos 
r e c u r s i o n  d e f in e d  by E q n s (2 .3 .1 )  t o  g e n e r a t e  Lanczos m a t r i c e s  Tj and 
Lanczos v e c t o r s  Vj= jv^ ,  . . . ,  v^}.  Then f o r  any j  we have t h a t
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vj V  ’ j
( 2 . 3 . 2 )
Fu r the rm ore ,  f o r  each such j ,
TJ -  v :
( 2 . 3 . 3 )
i s  t h e  o r th o g o n a l  p r o j e c t i o n  of  A onto  th e  subspace  spanned by th e  Vj.
Th is  p ro ced u re  i s  o f t e n  m odi f ied  as an i t e r a t i v e  one as f o l l o w s :
Step  1. Choose a nonzero  t r i a l  v e c t o r  and th e  d im ension  th e
subspace  s ,  and l e t  k=0.
Step 2 .  Use th e  norm o f  t h e  v e c t o r
p ( k ) -  AV(k) _ (k )v (k)
1 MV1 al V1
t o  check t h e  convergence .  When th e  norm is  lower than  some p r e d e f i n e d
l i m i t ,  t h e  i t e r a t i o n s  have converged ,  and so s t o p .
Step  3.  With th e  n by k m a t r ix  v j * ^ ,  g e n e r a t e  and compute
t h e  a l g e b r a i c a l l y  l a r g e s t  e i g e n v a l u e ,  and co r re s p o n d in g  v e c t o r  U ^ .
/k l  (k l  fklStep A. Let y v 'U v ‘ be th e  approx im ate  e i g e n v e c t o r  o f  the
m a t r ix  A, and r e t u r n  t o  s t e p  2.
I t  has been shown t h a t  t h i s  i t e r a t i v e  p rocedure  i s  bound t o  co nverge .
Theorem 2.  Let {x ^ , Xj} be t h e  l a r g e s t  s imple  e i g e n p a i r  o f  A. Given
an i n i t i a l  v e c t o r  0 w i th  a non-zero  p r o j e c t i o n  on x^ and a
f i x e d  d im ension  s ( I< s < n ) ,  c o n s t r u c t  a sequence of  v e c t o r s  { z ^ }  as 
f o l l o w s .  Let be t h e  R i t z  v e c t o r  c o r re s p o n d in g  t o  the
e i g e n v e c t o r  of  t h e  Lanczos m a t r i x  T^k+^  c o r r e s p o n d in g  t o  th e
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a l g e b r a i c a l l y - l a r g e s t  e i g e n v a lu e .  Then
lim [ y ^  ] = l im [ z^k V  | | z ^ | | ]  = x, 
k »ai
( 2 . 3 . 4 )
F u r the rm ore ,  t h e  c o r re spond ing  a l g e b r a i c a l l y - l a r g e s t  e i g e n v a lu e  of  the  
Lanczos m a t r i c e s  converge t o  x^.
The upper  bounds f o r  th e  e r r o r  of  e i g e n v a lu e  and r e s i d u e  
e i g e n v e c t o r  a r e  worked out  to  be as f o l l o w s :
Theorem 3. Let Tm|um>=y|um>. Then t h e r e  e x i s t s  an e i g e n v a lu e  x o f  A, 
such t h a t
lx - y |  * 1 |AVmu-yVmu | | / | | V mu | |
*maJ  / 1 I Vj/*
( 2 . 3 . 5 )




( 2 .3 .6 )
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e i s  t h e  machine p r e c i s i o n ,  n2 i s  t h e  average  number of  n o n -z e ro
e lem en ts  p e r  row. | |  |Af | |  i s  t h e  norm o f  a m a t r i x ,  t h e  e lement  of
which a r e  t h e  a b s o l u t e  v a lues  of  t h e  co r re s p o n d in g  e lem en ts  in  m a t r ix  A. 
| | A | J  i s  t h e  norm of  th e  m a t r ix  A.
One drawback of  t h e  s i n g l e  v e c t o r  Lanczos method i s  t h a t  i t  canno t
g iv e  th e  m u l t i p l i c i t y  o f  th e  e i g e n v a lu e  i f  t h e  ground s t a t e  i s
d e g e n e r a t e .  This  i s  shown by:
Theorem 4.  Let T be a r e a l  symmetric t r i d i a g o n a l  m a t r ix  w ith  
d ia gona l  e n t r i e s ,  a^ and w i th  o f f - d i a g o n a l  e n t r i e s  b ^ ,  th e n  the  
e i g e n v a l u e s  of  T a re  d i s t i n c t .
In t h a t  c a s e ,  one has t o  use th e  block  Lanczos p rocedure  d e f in e d  
a s :  Def ine B^=0, and Qq- 0.  Def ine Qj as an n by q m a t r ix  whose columns 
a r e  o r th o n o rm a l iz e d  r andom ly-genera ted  v e c t o r s .  For i = 2 , . . . , s  d e f i n e  
Lanczos b locks  where
Qi + i Bi + i "  p r  AV  q i V  V i BI  
A r  q J « r q i - i BI >  q t + i Bi + r p i
( 2 . 3 . 7 )
and th e  m a t r ix  i s  o b t a in e d  by a p p ly in g  a modif ied  Gram-Schmidt
o r t h o n o r m a l i z a t i o n  t o  columns of  P^.
We always use t h e  i t e r a t i v e  block Lanczos p rocedu re  i n  our  s tudy  of  
model H am i l ton ians .
From th e  d e f i n i t i o n  o f  th e  Lanczos p ro c e d u r e s ,  both s i n g l e  v e c t o r  
and block  Lanczos p ro c e d u re s ,  one should n o t i c e  one d i s t i n c t  f e a t u r e  of
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t h e  method.  I t  i s  t h a t  th e  Lanczos method does not  r e a l l y  use the  
e x p l i c i t  form of th e  ma tr ix  to  be d i a g o n a l i z e d .  In s tead  i t  on ly  r e q u i r e s  
a way of  mapping from a v ec to r  ac ted  upon by th e  m a t r ix  to  y i e l d  a new 
v e c t o r .  This  f e a t u r e  has an immediate consequence t h a t  t h e  m a t r ix  does 
not  have t o  be c o n s t ru c t e d  num er ica l ly  in  t h e  a t tem p t  to  d i a g o n a l i z e  the  
model H am i l ton ians .  Since we use the  second q u an t i z e d  form of  th e  
H ami l ton ian  and t h e  occupa t ion  number b a s i s ,  t h e  Hamilton ian  in i t s  
o r i g i n a l  form could  ac t  on th e se  b a s i s  s t a t e s  d i r e c t l y .  This i s  a l l  t h a t  
t h e  Lanczos procedure  r e q u i r e s .
The a p p l i c a t i o n  of  the  c r e a t i o n  and a n n i h i l a t i o n  o p e r a t o r s  to  our  
m-scheme b a s i s  could  be done by a s s ig n in g  th e  va lue  0 or  1 to  t h e  
e lem en ts  o f  th e  a r r a y  where th e  b a s i s  s t a t e  i s  s t o r e d .  However, t h e r e  i s  
a much more e f f i c i e n t  way to  accomplish  t h a t :  the  b i t  s t r i n g  
m a n ip u la t i o n .
I t  was mentioned in S ec t io n  1 of t h i s  c h a p t e r  t h a t  each of  t h e  m- 
scheme b a s i s  v e c t o r s  can be expressed  as a b in a ry  number due t o  t h e  
P au l i  e x c l u s i o n  p r i n c i p l e .  I t  i s  p o s s i b l e  t h a t  one can s t o r e  a b a s i s  
s t a t e  as an i n t e g e r ,  where each b i t  of  t h i s  i n t e g e r ,  on or  o f f ,  
co r re s p o n d s  to  the  e l e c t r o n  occupa t ion  number 1 or  0 a t  every  s i t e .  For 
example,  i f  one uses  a 3 2 - b i t  machine,  one can s t o r e  32 o r b i t a l s  i n  one 
i n t e g e r .  I f  more than  32 o r b i t a l s  a re  c o n s id e r e d ,  one can use m u l t i p l e  
i n t e g e r s  t o  s t o r e  th e  in fo rm a t io n .  This  can be done by
Nsi te
Iupbs(k)  = ][ I0R(Iupbs(k)  ,Nsup(k,  i ))  
i = l
N s i te
Idnbs(k) = £ I 0 R ( I d n b s ( k ) , N s d n ( k , i ) ) 
i= l
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( 2 . 3 . 8 )
where t h e  two-dimension a r r a y s  Nsup and Nsdn c o n t a i n  t h e  u p - p a r t  and 
dow n-par t  b a s i s  s t a t e s  r e s p e c t i v e l y ;  and th e s e  two a r r a y s  a r e  packed t o  
two one d im ens iona l  a r r a y s  Iupbs and Idnbs ,  where each i n t e g e r  c o n t a i n s  
a l l  t h e  i n f o r m a t io n  of  a b a s i s  s t a t e .  And now, in  our  IBM machine,  we 
use t h e  f o l l o w i n g  F o r t r a n  suppor ted  commands t o  do the  b i t  m a n i p u l a t i o n .
Command F un ction
BTEST(j,k)  T e s t s  b i t  k of i n t e g e r  argument j .  I f  b i t  k i s
A b i t  can be t e s t e d  whether  i t  i s  on o r  o f f  (occup ied  o r  empty) by th e  
command BTEST. And a b i t  can be tu rn e d  on and o f f  ( c o r re s p o n d in g  t o  
moving an e l e c t r o n  on to  or  from a s i t e ,  hence they  a r e  t h e  c r e a t i o n  and 
a n n i h i l a t i o n  o p e r a t o r s  in  th e  computer)  by t h e  command IBSET and IBCLR.
Each v e c t o r  i s  a l i n e a r  combination  o f  t h e  b a s i s  s t a t e s ;  hence ,  i t
±. L.
i s  r e p r e s e n t e d  by a r e a l  a r r a y ,  in  which eve ry  i member i s  th e  w e igh t  
of  t h e  i th  b a s i s  s t a t e  in  t h e  l i s t  o f  m-scheme b a s i s  s t a t e s .  Once t h e  
m a t r ix  (H am il ton ian  in  our  ca s e )  a c t s  on a v e c t o r ,  i t  a c t s  on every
component o f  t h e  v e c t o r .  And th e  m u l t i p l i c a t i o n  of  th e  m a t r ix  and a
b a s i s  v e c t o r  y i e l d s  a v e c t o r  t h a t  i s  a l i n e a r  com bina t ion  of  s e v e r a l  new
1,
th e  r e s u l t  i s  t r u e .
IBSET(j .k)
IBCLR(j.k)
Se ts  b i t  k o f  th e  i n t e g e r  argument j  t o  1. 
Se ts  b i t  k o f  th e  i n t e g e r  argument j  t o  0.
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b a s i s  s t a t e  v e c t o r s .  We need t o  i d e n t i f y  t h e  Fermion s i g n  and which 
b a s i s  s t a t e  v e c t o r s  t h e  new s t a t e s  a r e  in  th e  l i s t  o f  our  m-scheme 
b a s i s .  And we know what t o  do w i th  t h e  w eigh t  a c c o r d i n g l y .  The s e a r c h  of  
t h e  r e s u l t i n g  b a s i s  s t a t e s  i s  accompl ished by a b i n a ry  s e a r c h  t e c h n i q u e ,  
which t h e o r e t i c a l l y  t a k e s  l n 2N s e a r c h  s t e p s ;  w hereas ,  th e  s t a n d a r d  one 
w i l l  t a k e  N s t e p s ,  w i th  N to  be t h e  number o f  b a s i s  s t a t e s  in  th e  l i s t .  
T h e r e f o r e ,  we can form a mapping from a v e c t o r  t o  t h e  new v e c t o r ,  so 
t h a t  we can c a r r y  t h e  Lanczos p rocedu re  w i th o u t  p r e - g e n e r a t i o n  o f  the  
l a r g e  number o f  m a t r ix  e l e m e n t s .  As f o r  t h e  d e t a i l  o f  th e  program of t h e  
Lanczos p ro c e d u re ,  one should  c o n s u l t  Ref.  38.
S ince  t h e s e  commands a r e  in machine language ,  t h e y  work much f a s t e r  
th a n  t h e  F o r t r a n  language  ass ignment s t a t e m e n t  and i f - s t a t e m e n t .  We have 
compared th e  r e s u l t s  o f  t h e  Lanczos method w i th  t h o s e  o b ta in e d  by th e  
EIGRS s u b r o u t i n e  in  th e  IMSL and the  DSLEV s u b r o u t i n e  in ESSL. The 
compar ison  of  CPU time i s  shown in  Tab le 3.  We a l s o  use t h e s e  t e c h n iq u e s  
to  c a l c u l a t e  th e  c o r r e l a t i o n  f u n c t i o n s .  And we have improved th e  speed 
by more than  a f a c t o r  of  t e n  in  the  CPU t im e .
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TABLE 1. The Comparison o f  th e  S in g le  V ector  Lanczos Method 
w ith  th e  S u b ro u tin e  DSLEV in  ESSL L ibrary  and EIGRS in  IMSL
l . a  The Hubbard Model on Cubic C l u s t e r  by S in g le  
Vec to r  Lanczos Method with  t = l ,  U=10
NSITE 1 NUP 1 NON 1 NDIM ! CPU I TSIZE
8 | 7 | 1 1 64 | 3 .3s  1 15
Lanczos va lue I DSLEV o r  EIGRS va lue
- 0 . 124114931624E+01 1 - 0 . 124114931624E+01
-0.795654486872E+00 I - 0 . 795654486873E+00
E-ERROR 1 V-ERROR
0.432E-13 I 0 . 767E-12
0.410E-14 1 0 . 338E-12
l . b  The Hubbard Model on Cubic C l u s t e r  by S in g le  
Vec tor  Lanczos Method with  t = l ,  U=10
NSITE I NUP I NDN 1 NDIM | CPU I TSIZE
8 1 7 I 1 1 64 | 6 .0 s  I 15
Lanczos va lue I DSLEV o r  EIGRS va lue
- 0 .2 1 1 0 7 1556280E+01 1 -0 .2 1 1 0 7 1 556280E+01
- 0 . 161781576553E+00 1 - 0 . 161781576553E+00
E-ERROR 1 V-ERROR
0 . 111E-12 1 0.451E-09
0.932E-14 0 . 180E-09
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l . c  The Hubbard Model on Cubic C l u s t e r  by S in g le  
Vector  Lanczos Method with  t = l ,  U=10
NSITE I NUP I NDN I NDIM | CPU | TSIZE
8 | 5 | 3 I 3136 I 14s I 100
Lanczos va lue I DSLEV o r  EIGRS va lue
-0.262072249927E+01 I - 0 . 262072249927E+01
-0.211248925018E+01 1 -0 .211248925018E+01
E-ERROR | V-ERROR
0 . 4 3 0 E - 11 1 0.676E-09
0 . 364E-11 | 0 . 174E-09
l . d  The Hubbard Model 
Vector  Lanczos
on Cubic C l u s t e r  by S in g le  
Method with  t = l ,  U=10
NSITE I NUP I NDN I NDIM | CPU 1 TSIZE
8 | 4 | 4 1 4900 I 22s I 125
Lanczos va lue 1 DSLEV o r  EIGRS va lue
-0 .2 8 6 5 2 1 260996E+01 I -0 .286521260995E+01
-0 .262072249927E+01 1 -0 .262072249927E+01
E-ERROR I V-ERROR
0 . 183E-12 1 0 .272E-09
0.740E-10 0.519E-09
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Note f o r  Table  1: E - e r r o r  i s  the  e r r o r  of  t h e  e i g e n v a l u e ;  V - e r r o r  i s  th e  
norm o f  r e s i d u e  v e c t o r ,  i . e .  |H x -e x | ,  w ith  x be ing  th e  approx im ate  
e i g e n v e c t o r  and e being the  approximate  e i g e n v a l u e ,  and H t h e  m a t r i x .  
NSITE is  t h e  number of  s i t e s  of  th e  system,  NUP i s  th e  number of  
e l e c t r o n s  with  s p i n - u p ;  NDN i s  the  number of  e l e c t r o n s  w i th  spin-down. 
NDIM i s  t h e  dimension of th e  H i l b e r t  space ;  TSIZE i s  th e  s i z e  of  th e  
Lanczos m a t r i x ,  i . e . ,  the  dimension  of  th e  subspace  on to  which the  
o r i g i n a l  H i l b e r t  space i s  p r o j e c t e d .
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TABLE 2 , The Comparison o f  th e  Block Lanczos Method 
w ith  th e  DSLEV in  ESSL and EIGRS in  IMSL
2 . a The Hubbard Model on Cubic C l u s t e r  by 
Block Lanczos Method with  t = l ,  U=10
NSITE I NUP | NDN I NDIM | CPU I KMAX
8 1 7 | 1 1 64 | 2 .5 s  I 15
Lanczos va lue  phase 2 lOverlap w i th  Exact  E ig e n v e c to r
- 0 . 124114931624E+01 I 0.100000000000E+01
-0.795654486872E+00 I 0.100000000000E+01
E-ERROR 1 V-ERROR
0.258E-22 I 0 . 112E-11
0.327E-25 1 0 . 342E-11
2 .b  The Hubbard Model on Cubic C l u s t e r  by 
Block Lanczos Method with  t = l ,  LM10
NSITE I NUP I NDN 1 NDIM | CPU I KMAX
8 I 6 I 2 1 784 | 8s I 15
Lanczos va lue  phase 2 lOverlap w i th  Exac t  E ig e n v e c to r
-0.211071556280E+01 I 0.100000000000E+01
- 0 . 161781576553E+00 1 0.100000000000E+01
E-ERROR I V-ERROR
0 . 319E-16 1 0 . 173E-11
0- 65 IE — 16 0.196E-11
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2 . c  The Hubbard Model on Cubic C l u s t e r  by 
Block Lanczos Method with  t = l ,  U=10
NSITE I NUP I NDN I NDIM | CPU | KMAX
8 I 5 I 3 1 3136 I 33s 1 15
Lanczos va lue  phase 2 lOverlap w i th  Exact  E ig e n v e c to r
-0.262072249923E+01 I 0.999999999999E+00
-0.211248925018E+01 1 0 . 999999999999E+00
E-ERROR 1 V-ERROR
0 . 310E-09 I 0.472E-06
0.451E-09 1 0 .496E-06
2 . c  The Hubbard Model on Cubic C l u s t e r  by 
Block Lanczos Method with  t = l ,  U=10
NSITE | NUP I NDN I NDIM | CPU I TSIZE
8 1 6 | 2 1 784 | 28s 1 15
Lanczos va lue  phase 2 lOverlap w i th  Exact  E ig e n v e c to r
-0.286521260995E+01 1 - 0 .2 8 6 5 2 1260995E+01
-0.262072249927E+01 1 -0 .262072249927E+01
E-ERROR I V-ERROR
0 . 367E-15 1 0 .807E-08
0 . 175E-16 0.260E-08
41
Note f o r  Tab le 2: IN TABLE 2 L - e r r o r  i s  de f in e d  in th e  same manner a s  in 
t h e  s i n g l e  v e c t o r  Lanczos method.  However, the  V - e r r o r  i s  d e f in e d  as
_  -  2
V -error=  /  £ (v^-  v  ̂ )
where v^ i s  t h e  i-component  of  the  Lanczos e i g e n v e c t o r ,  v® i s  t h e  i -  
component of  t h e  e x a c t  e i g e n v e c t o r .  And KMAX i s  th e  maximum s i z e  o f  t h e  
Lanczos m a t r ix  used .  The e x a c t  e i g e n v e c t o r  r e f e r s  to  th e  e i g e n v e c t o r
o b ta in e d  by th e  DSLEV o r  EIGRS s u b r o u t i n e .  In Table 2 . c ,  s i n c e  we on ly
r e q u i r e  t h e  lowes t  two e ig e n v a lu e s  and th e  second one i s  d e g e n e r a t e ,  t h e
e f f e c t i v e  gap f o r  convergence i s  z e r o .  Hence,  th e  convergence  i s  very  
slow. This  can be improved by f i n d i n g  th e  e x t r a  e i g e n v a l u e s ,  say low es t  
f i v e .  The ' p h as e  2 ‘ i s  a cho ice  of Block Lanczos method in which t h e  
Lanczos v e c t o r s  a t  each i t e r a t i o n  a r e  o r th o n o rm a l iz e d  us ing  th e  Gram- 
Schmidt p ro c e d u re .  The e i g e n v a lu e s  o b ta in e d  by DSLEV o r  EIGRS a r e  th e  
same as th o s e  in  Table 1.
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T able 3 . The CPU TIME FOR DIAGOHALIZATION OF 
THE HUBBARD MODEL BY THE BLOCK LANCZOS METHOD
The Hubbard Method w i th  t = l ,  U=10
NDIM 1 CPU I KMAX KACT | KSET
64 1 2 . 5 s  1 16 2 1 0
4900 1 28s 1 16 2 1 0
48400 1 8m | 11 2 1 0
245025 1 155m 1 11 3 1 0
627264 I 316m | 15 2 1 0
853776 ! 400m I 15 2 1 0
Note :  For t h e  dimensions  s m a l l e r  th a n  or  equal  t o  4900,  t h e  c a l c u l a t i o n s
a r e  made on an e i g h t - s i t e  cub ic  c l u s t e r .  And f o r  d imensions  l a r g e r  t h a n
4900,  t h e  c a l c u l a t i o n s  a r e  made on a 1 2 - s i t e  two d im ens ional  l a t t i c e  
shown below.
*  *  
k  k  k  k
k  k  k  k
k  k
NDIM i s  t h e  dimension of t h e  H i l b e r t  s p a c e ,  KMAX i s  th e  l a r g e s t  s i z e  of  
b lock  used in  t h e  c a l c u l a t i o n ,  KACT i s  th e  number of  e ig e n v a lu e s  t o  be 
found ,  KSET i s  t h e  number of  t r i a l  v e c t o r s  p ro v id e d ,  a ' s '  s t a n d s  f o r
second ,  and a ' m' s tan d s  f o r  minute .
CHAPTER 3
The Hubbard Model on th e  S im ple Cubic C lu s te r  and 
th e  Body C enter Cubic C lu s te r
In t h i s  c h a p t e r ,  we f i r s t  d i s c u s s  some p r e v i o u s l y  o b t a in e d  b a s i c  
r e s u l t s  abou t  t h e  Hubbard model.  We then  d i s c u s s  our e x a c t  
d i a g o n a l i z a t i o n  r e s u l t s .  Our work on th e  s imple  cub ic  c l u s t e r  g iv e s  t h e  
c o n s i s t e n t  magne t ic  phase diagrams of  t h e  ground s t a t e  i n  comparison 
w i th  t h e  e x i s t i n g  t h e o r i e s .  For the  bcc c l u s t e r ,  our r e s u l t s  show th e  
e x i s t e n c e  of  th e  f e r r o m a g n e t i c  phase f o r  th e  h a l f - f i l l e d  ca s e  in th e  
c e r t a i n  r e g io n  o f  t h e  p a r a m e te r s .  We a l s o  have shown t h a t  t h e  second 
n e a r e s t  ne ighbor  hopping term f a v o r s  the  f e r r o m a g n e t i c  s t a t e  in  th e  bcc 
c l u s t e r .
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3 .1  The Fundamental P r o p e r t ie s  o f  on th e  Hubbard Model
I .  The one dimension case
At z e ro  t e m p e r a t u r e ,  th e  e x a c t  s o l u t i o n  o f  th e  ground s t a t e  f o r  t h e
h a l f - f i l l e d  case  was o b t a in e d  by Lieb and Wu6 . T h e i r  r e s u l t  shows t h a t
th e  ground s t a t e  i s  a n t i  f e r ro m a g n e t i c  f o r  a l l  non -ze ro  U, though i t
3Ql a c k s  long range  o r d e r .  Shiba extended th e  c a l c u l a t i o n  o f  Lieb and Wu 
t o  a r b i t r a r y  e l e c t r o n  c o n c e n t r a t i o n s  and de te rm ined  the  magnetic  
s u s c e p t i b i l i t y  a t  T=0. For t h e  e x c i t e d  s t a t e s ,  t h e  c a l c u l a t i o n  was 
performed f o r  th e  h a l f - f i l l e d  case  by Ovchinnkov4^ ,  and f o r  the  
a r b i t r a r y  e l e c t r o n  o ccupanc ies  by C o l l ^ .  The thermodynamic f u n c t i o n s  a t  
f i n i t e  t e m p e ra tu r e  a re  g iven  by T a k a h s h i ^  i n  te rms of  i n t e g r a l  
e q u a t i o n s .  All t h e s e  works i n d i c a t e  t h a t  t h e r e  i s  no meta l  - i n s u l a t o r  
t r a n s i t i o n ,  nor f e r r o m a g n e t i c  phase  in  th e  one d im ension model.
I I .  The more than  one dimens ion case
A. Nagaoka 's  t h e o r e m ^
This  e x a c t  theorem s t a t e s  t h a t  f o r  th e  i n f i n i t e  U, t h e  ground s t a t e  
i s  f e r r o m a g n e t i c  f o r  t h e  g e o m e t r i e s :  s imple  c u b i c ,  b c c ,  f e e  and hep w i th  
n“ = l - ( l / N ) ,  N be ing th e  number o f  s i t e s ;  and f o r  n+= l + ( l / N ) ,  i t  i s  t r u e  
o n ly  f o r  s imply  cub ic  and bcc l a t t i c e s .
The impor tance  of  t h i s  theorem i s  l i m i t e d  by the  f a c t  t h a t  t h e  
i n f i n i t e  U l i m i t  im p l ie s
t 2
N —g -  «  t  o r  U »  Nt
( 3 . 1 . 1 )
a c o n d i t i o n  which ,  in  t h e  thermodynamic l i m i t ,  i s  neve r  f u l f i l l e d .
B. The s t ro n g  coup l ing  l i m i t
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A n d e r s o n ^  has shown t h a t  f o r  t h e  Hubbard model in t h e  l a r g e  U 
l i m i t  in th e  h a l f - f i l l e d  c a s e ,  th e  Hubbard Hamilton ian  i s  e q u i v a l e n t  t o  
t h e  well-known Heisenberg  Hami l ton ian :
ho : J i  i Si s
( 3 . 1 . 2 )
Chao e t  a l .  have c a l c u l a t e d  the  same l i m i t  f o r  a r b i t r a r y  e l e c t r o n  
c o n c e n t r a t i o n s .  And t h e i r  r e s u l t  i s  t h a t  t h e  e f f e c t i v e  H am i l ton ian  i s
H= I - t , j b V  + J  I ( S . S . - - J - J  ) 
i , j  J J i , J  J
(3 .1 .3A )
4 t 2where b. = a .  (1- n . ) and J = —n -  .
l o  To l - o  U
The above Hami l ton ian  i s  d e r iv e d  by a can o n ica l  t r a n s f o r m a t i o n  
which w i l l  remove th e  terms l i n e a r  in  t  from
He f f ( t ) = e ~ i t S H ( t ) e i tS
(3 .1 .3B )
and keep only  up t o  t h e  second o r d e r .  In t h e  h a l f  f i l l e d  c a s e ,  i t  is 
easy  t o  e x p l a i n  t h e  p h y s i c a l  p i c t u r e .  The very  l a r g e  U s u p p r e s s e s  
e l e c t r o n  hoppings  so t h a t  e l e c t r o n s  tend  t o  l o c a l i z e  a t  s i t e s .  There i s  
an e l e c t r o n  a t  each  s i t e  t o  avoid th e  double  occupancy.  I t  seems t h a t  
each s i t e  has a magnetic  moment due to  th e  sp in  of th e  l o c a l i z e d  
e l e c t r o n  a t  th e  same s i t e .  Hence,  t h e  p o s i t i v e  va lue  of  J 
( a n t i f e r r o m a g n e t i c  cou p l in g )  e n e r g e t i c a l l y  f a v o r s  s p in s  a t  the  n e a r e s t  
ne ighbo r  s i t e s  t o  be a n t i p a r a l l e l .
I t  i s  th e  g e n e r a l i z a t i o n  of  the  Anderson k i n e t i c  exchange 
H am i l ton ian  t o  t h e  ca s e  of  n o n - h a l f - f i l l e d  band.  For a Mott  i n s u l a t o r ,
n.  = l - n .  , and the  above Hamilton ian  reduces  t o  th e  Heisenberq
l a  l - a  J
H am il ton ian  w i th  p o s i t i v e  exchange i n t e r a c t i o n .
This  H ami l ton ian  i s  b e l i e v e d  capa b le  of e x p l a i n i n g  the  high 
t e m p e r a t u r e  s u p e r c o n d u c t i v i t y  and i s  now known as t h e  t - J  model.
C. M ean- f ie ld  c a l c u l a t i o n  
This  was done in  the  e a r l y  f i f t y ' s  by Penn'7. His magnetic  pha 
diagram f o r  t h e  Hubbard model i s  summarized in F ig .  4.
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3 .2  The Hubbard Model on t h e  Simple Cubic C l u s t e r  
We have c ons ide re d  the  Hubbard model de f in e d  on th e  e i g h t  s i t e  
s imple  cub ic  c l u s t e r  ( s ee  F i g . 5 ) .  A bulk simple cub ic  system would have 
a s i n g l e  p a r t i c l e  band s t r u c t u r e
E( k)=2t |  cos(k a)+ cos(k a)+ cos(k a ) |X y z
( 3 .2 . 1 )
With t h i s  band s t r u c t u r e ,  we r e s t r i c t  o u r s e lv e s  to  c o n s id e r  only  the 
f i r s t  n e a r e s t  ne ighbor  hoppings in the  Hubbard model.  The d e n s i t y  of 
s t a t e s  o f  t h i s  energy band i s  shown in F igure  6. From Fig .  6,  one can 
see t h a t  th e  simple cub ic  l a t t i c e  with  the  above band s t r u c t u r e  has a 
broad peak and i s  not so h igh ;  in  c o n t r a s t  w ith  bcc and f ee  ones where 
i t  i s  much s h a rp e r  ( i n f i n i t e  i f  t h e  second ne ighbors  a re  n e g l e c t e d ) .
The e i g e n e n e r g i e s  of  the  the  Hubbard model in th e  cub ic  c l u s t e r  a re  
independen t  of  th e  s ign  of  the  hopping i n t e g r a l .
E ( t ) = E ( - t )
( 3 . 2 . 2 )
This r e l a t i o n  can be proved by c a r r y i n g  a canon ica l  t r a n s f o r m a t io n  c^ to  
-C-j. B e s id e s ,  in th e  s imple  cube ,  i f  we denote by n the  number o f  
e l e c t r o n s  in the  system, N th e  number of s i t e s  ( e i g h t  in our c a s e  here)  
and n '=2N-n,  we have th e  p a r t i c l e - h o l e  symmetry, which s t a t e s
E„.= E„.(N-n)U
( 3 . 2 . 3 )
Even th rough t h i s  symmetry cannot  be used to  reduce  the  s i z e  o f  th e  
m a t r ix  t o  be d i a g o n a l i z e d  as mentioned in  Chapter  2,  i t  a s s u r e s  us t h a t
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i t  i s  s u f f i c i e n t  to  c a l c u l a t e  th e  p r o p e r t i e s  of  t h e  system f o r  n s m a l l e r  
o r  equa l  to  N.
In o r d e r  to  s tudy th e  magnetic  p r o p e r t i e s  of  the  model,  we have 
used  bo th  t h e  s y n m e t r i z a t i o n  o f  b a s i s  method and th e  m od i f ied  Lanczos 
method t o  so lv e  the  model. The l a r g e s t  m a t r ix  s i z e  in th e  subspace  w i th  
Sz =0 i s  4900.  With th e  m a t r ix  of  t h i s  s i z e ,  we d id  not  have enough c o re  
computer  memory to  s t o r e  th e  m a t r i x .  T h e r e f o r e ,  i t  was n e c e s s a r y  t o  form 
a symmetrized combination  of b a s i s  s t a t e s  which enab led  us t o  r e s t r i c t  
t h e  numerica l  d i a g o n a l i z a t i o n  to  much s m a l l e r  s u b m a t r i c e s  as d e s c r ib e d  
in  S e c t i o n  2 .2  o f  Chapter  2.  We have found a l l  t h e  e i g e n v a l u e s  and 
c o r r e s p o n d in g  e i g e n v e c t o r s ,  hence we were ab l e  t o  c a l c u l a t e  t h e  
thermodynamic q u a n t i t i e s  and c o r r e l a t i o n  f u n c t i o n s  d e f in e d  a t  t h e  end of 
C hap te r  2.
Due t o  the  l a rg e  s c a l e  of  th e  numerica l  work, we on ly  found one 
c a l c u l a t i o n  in th e  l i t e r a t u r e  f o r  t h e  same system by K a w a b a t a ^ ,  He 
de te rm ined  th e  ground s t a t e  f o r  a cube c o n t a i n i n g  from two through  e i g h t  
e l e c t r o n s .  He found t h a t  in th e  n=4 and n=7 c a s e s ,  th e  ground s t a t e  has 
t h e  maximum p o s s i b l e  s p in  f o r  s u f f i c i e n t l y  l a rg e  U; w h i le  f o r  n=5, the  
i n t e r m e d i a t e  sp ir ,  s t a t e  (we c a l l  i t  u n s a t u r a t e d  fe r rom agne t i sm )  i s  the  
lowes t  f o r  a l l  p o s i t i v e  U. In a l l  o t h e r  c a s e s ,  t h e  ground s t a t e s  a r e  of  
t h e  lowes t  p o s s i b l e  s p i n s .  We c o n s id e r  t h e  s i n g l e  p a r t i c l e  s t a t e s  f i r s t .
The s i n g l e  p a r t i c l e  s t a t e s  in t h e  cube have been de te rm ined  and 
summarized in  Table  4. For th e  fo l lo w in g  reasons  (p rov ided  t  i s  s c a l e d )  
t h e s e  s i n g l e  p a r t i c l e  energy l e v e l s  can be r ega rded  as a good 
r e p r e s e n t a t i v e  o f  a s imple s-band with  t h e  band s t r u c t u r e  d e s c r i b e d  by 
Eq( 3 . 2 . 1 )  in  an i n f i n i t e  l a t t i c e :
1. The s i n g l e  p a r t i c l e  e n e r g i e s  in  Table  4 co r re s p o n d  to  those
bO
o b ta in e d  from E q (3 .2 .1 )  a t  the  symmetry p o i n t s  o f  t h e  B r i l l i o u n  zone :  R, 
M, X, and r r e s p e c t i v e l y .
2.  The d e g e n e r a c i e s  of  th e  s i n g l e  p a r t i c l e  e n e r g i e s  a r e  t h e  same as 
t h e  number o f  no t  e q u i v a l e n t  p o i n t s  of  a p a r t i c u l a r  symmetry in  the
B r i 11ioun zone .
3.  The s i n g l e  p a r t i c l e  e n e r g i e s  a r e  a l s o  the  e n e r g i e s  a t  which Van 
Hove s i n g u l a r i t i e s  occur  in  t h e  d e n s i t y  of  s t a t e s  of  t h e  p e r f e c t  s -band 
c r y s t a l .
With t h e  s i n g l e  p a r t i c l e  energy  l e v e l s ,  we may e x p l a i n  a lmos t  a l l  
t h e  ground s t a t e  sp in  p r o p e r t i e s ,  which we in t e n d  to  d i s c u s s  n e x t .
I .  Ground s t a t e  sp in
Our r e s u l t s  f o r  the  sp in  of t h e  ground s t a t e  of th e  Hubbard model 
on th e  cub ic  c l u s t e r  a re  summarized in  Table  5.  They a r e  in  agreement 
w i th  th e  r e s u l t s  o f  Kawabata. We d e f i n e  a magnetic  s t a t e  as one which 
has  a s p in  g r e a t e r  than  1 /2 .  This  i s  found f o r  th e  ca s e  w ith  n=4 and n=7 
i f  U i s  s u f f i c i e n t l y  l a r g e ;  and f o r  n=5 f o r  a l l  U -> 0.  f o r  n=7 
p a r t i c u l a r l y ,  we have found th e  d i s c o n t i n u o u s  b ehav io r  o f  th e  ground 
s t a t e  s p i n .  I t  changes a b r u p t l y  from minimum t o  i t s  maximum va lue  
w i th o u t  p a s s in g  th rough  th e  i n t e r m e d i a t e  v a l u e s .  We a l s o  have found t h a t  
t h e  c r i t i c a l  U f o r  t h e  p r e s en ce  of t h e  magne t ic  ground s t a t e  i s  r a t h e r  
l a r g e ,  much l a r g e r  th a n  th e  band w id th ,  which i s  6 t .
I f  t h e r e  a r e  two e l e c t r o n s  in t h e  system w i th  smal l  U, i t  i s  c l e a r  
t h a t  l e s s  energy  i s  r e q u i r e d  t o  form a s i n g l e t  s t a t e ,  s i n c e  2 j 11 i s  
r e q u i r e d  t o  promote an e l e c t r o n  in t o  t h e  second l e v e l  of  t h e  s i n g l e  
p a r t i c l e  s t a t e s .  Hence, the  ground s t a t e  i s  a s i n g l e t .  I t  i s  a l s o  
obv ious  t h a t  when U i s  s m a l l ,  t h e  i n t e r a c t i o n  between two e l e c t r o n s  i s  
weak. C onsequen t ly ,  t h e  problem i s  s e p a r a b l e .  We can e x p r e s s  t h e  ground
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s t a t e  of  th e  two e l e c t r o n  system as
I G> = =Z- | a ( l ) e ( 2 ) - a ( 2) f» ( l ) |
/  2
( 3 . 2 . 4 )
where a ,  b denote  s i n g l e  p a r t i c l e  e i g e n s t a t e s  w i th  u p - s p in  and down- 
s p i n ,  r e s p e c t i v e l y .  And the  lowest  s i n g l e  p a r t i c l e  e i g e n s t a t e  i s
[ 11>+ 12>+ 13>+ 14>- | 5>- |6>- 17> - |8> |
✓ 8
( 3 . 2 . 5 )
We th e n  c a l c u l a t e  th e  average  double  occupancy of  the  same s i t e  by
<GI d |G>= <G| I  Ni N. |G>
l
( 3 . 2 . 6 )
And we o b t a i n  d=0. This  means t h a t  t h e  t r u e  ground s t a t e  i s  a c o r r e l a t e d  
s t a t e  in  which e l e c t r o n s  avoid each o t h e r  co m p le te ly .  A c t u a l l y ,  we know 
from th e  d e t a i l s  of  the  ground wave f u n c t i o n  t h a t  two e l e c t r o n s  occupy 
d i f f e r e n t  s i t e s  with  j u s t  o p p o s i t e  phase such t h a t  t h e r e  i s  no
i n t e r a c t i o n  c o n t r i b u t i o n  t o  th e  energy  of  th e  s t a t e .  Th is  p i c t u r e  would
not  be expec ted  to  be t r u e  f o r  t h e  l a r g e  U l i m i t  in  which one e x p e c t s ,  
a c c o rd in g  to  the  S to n e r  c r i t e r i a ,  t h a t  one could  have a f e r r o m a g n e t i c  
s t a t e .  On th e  c o n t r a r y ,  we have found t h a t  even though the  e l e c t r o n  wave 
f u n c t i o n  i s  not  s e p a ra b l e  f o r  l a r g e  U, t h e  c o h e r e n t  many-body ground 
s t a t e  a r r a n g e s  the  e l e c t r o n s  t o  avoid  t h e  double occupancy as  much as 
p o s s i b l e .  And the  ground s t a t e  remains a s i n g l e t  w h i l e  the  energy  t e n d s  
t o  - 2 / 7  t  in the  l a rg e  U - l i m i t .  The t r i p l e t  s t a t e  which has ene rgy  - 4 t
always l i e s  h ig h e r  th a n  th e  s i n g l e t  s t a t e .
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From th e  symmetry p o i n t  of  view, we have the  f i r s t  e l e c t r o n  to  
occupy t h e  f i r s t  le ve l  o f  th e  symmetry r ^ , ,  and th e  second e l e c t r o n  t o  
t a k e  e i t h e r  t h e  f i r s t  l e v e l  or  t h e  second l e v e l  of  the  symmetry r ^ .  The 
symmetry o f  t h e  two e l e c t r o n  system i s  th e n  the d i r e c t  p roduc t  of  the  
symmetries  o f  the  two c o n s t i t u e n t  p a r t s ,  t h a t  i s ,
( 3 . 2 . 8 )
E q ( 3 .2 .7 )  c o r r e s p o n d s  t o  t h e  s p in  s i n g l e t ,  and E q (3 .2 .8 )  t o  the  t r i p l e t ,  
which r e q u i r e s  t h a t  th e  second e l e c t r o n  must t a k e  th e  h ig h e r  energy 
l e v e l .  T h e r e f o r e ,  t h e  ground s t a t e  i s  always a s i n g l e t .
S i m i l a r  b e h a v io r  occu rs  f o r  n=3. I t  i s  obvious  a g a in  from the  
s i n g l e  p a r t i c l e  energy  l e v e l s  t h a t  the  d o u b le t  must have lower energy  
th a n  t h e  q u a r t e t  f o r  small  U. This do u b le t  remains  as th e  ground s t a t e  
even f o r  l a r g e  U. In f a c t ,  f o r  th e  odd number of  e l e c t r o n s  in th e  
sys tem ,  t h e  ground s t a t e  i s  not  a com ple te ly  c o r r e l a t e d  s t a t e .  One could  
expec t  a t  ve ry  l a rg e  v a l u e s  of  U t h a t  a magnetic  s t a t e  i s  p o s s i b l e .  
However, i t  i s  no t  obvious  whether  th e  energy  of  the  h igh sp in  s t a t e  i s  
lower th a n  some i n t e r m e d i a t e  s p in  s t a t e s .  In t h e  t h r e e  e l e c t r o n  sys tem,  
two e l e c t r o n s  form a t i g h t  s i n g l e t  p a i r ,  and th e  s p i n  of  t h e  t h i r d  one 
i s  always t h e  cho ice  f o r  t h e  s p in  of  t h e  system.
When t h e r e  a r e  f o u r  e l e c t r o n s  in  th e  sys tem ,  we do f in d  a m agne t ic  
s t a t e  f o r  very  l a r g e  U. The energy  of  the  s t a t e  w ith  t h e  maximum s p i n  i s  
t h e  lowes t  due t o  t h e  s p a t i a l  degeneracy  o f  t h e  second l e v e l  in th e
53
s i n g l e  p a r t i c l e  s t a t e s .  For small  U, t h e  system r a t h e r  forms a s p i n  
s i n g l e t  to  minimize th e  k i n e t i c  energy  (hopping) r e g a r d l e s s  of  hav ing  to 
pay a p r i c e  f o r  some double  o ccu p a n c ie s .  When n=5, i t  i s  no t  s u r p r i s i n g  
t h a t  t h e  sys tem a r r a n g e s  in  th e  way which two e l e c t r o n s  remain a t  th e  
low es t  s i n g l e  p a r t i c l e  l e v e l  t o  form a s i n g l e t ,  and th e  remain ing  t h r e e  
occupy t h e  t r i p l y  d e g e n e ra te  f i r s t  e x c i t e d  s t a t e  w i th  p a r a l l e l  s p i n .  I t  
i s  a c a s e  in which th e  Hund's  r u l e  i s  a p p l i c a b l e  to  th e  c l u s t e r  sys tem.  
The c l u s t e r  i s  a k ind of  atom with  a d e g e n e r a t e  ground s t a t e  i f  
i n t e r a c t i o n s  a r e  n e g l e c t e d .  Hund's r u l e  says th e  degeneracy  r e s u l t s  in 
such a way t h a t  t h e  s t a t e  of  maximum m u l t i p l i c i t y  ( h i g h e s t  s p in )  l i e s  
lo w e s t .
When an e x t r a  e l e c t r o n  i s  i n t r o d u c e d ,  t h e  ba lance  of  p a r a l l e l  s p in s  
in  th e  t r i p l y  d e g e n e r a t e  l e v e l s  i s  b roken .  The system remains  a s p in  
s i n g l e t  f o r  a l l  U when n=6. When n=7, t h e  s t a t e  w ith  p a r a l l e l  s p i n s  i s  
t h e  low es t  f o r  l a r g e  U d e s p i t e  th e  s u b s t a n t i a l  d i f f e r e n c e s  in t h e  s i n g l e  
p a r t i c l e  energy  l e v e l s .  The miss ing  of  t h e  i n t e r m e d i a t e  s p i n  s t a t e  in  
t h e  n=7 c as e  can be e x p la in e d  by th e  even spac ing  of  th e  s i n g l e  p a r t i c l e  
l e v e l s .  When U i s  s m a l l ,  two e l e c t r o n s  t a k e  th e  f i r s t  l e v e l ,  and th e  
r em a in ing  f i v e  have t o  go to  th e  second le v e l  even th rough  t h e r e  a r e  
some doub le  o c c u p a n c ie s .  When U i s  s u f f i c i e n t l y  l a r g e ,  double  
o c c u p a n c ie s  of  t h e  same s i t e  a r e  no lo n g e r  e n e r g e t i c a l l y  p e r m i s s i b l e .  
E l e c t r o n s  a r e  promoted from th e  f i r s t  and second l e v e l s  t o  t h e  t h i r d  
l e v e l ,  and even to  t h e  f o u r t h  l e v e l .  That  t h e  ground s t a t e  i s  
f e r r o m a g n e t i c  a t  l a r g e  U f o r  n=7 i s  c o n s i s t e n t  w i th  th e  Nagaoka theorem.  
F i n a l l y ,  when n=8, t h e  h a l f - f i l l e d  band i s  always a s i n g l e t  s t a t e .
I I .  Ground s t a t e  c o r r e l a t i o n  f u n c t i o n s
In  g e n e r a l ,  t h e  ground s t a t e  sp in  c o r r e l a t i o n  f u n c t i o n s  d e c r e a s e  as
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U / t  v a r i e s  from the  l o c a l i z e d  l i m i t  to  th e  i t i n e r a n t  l i m i t .  Large U 
s u p p r e s s e s  cha rge  f l u c t u a t i o n s .  E l e c t r o n s  l o c a l i z e  a t  each s i t e  so t h a t  
t h e r e  i s  a s p i n  moment a s s o c i a t e d  with  the  s i t e .  This  i s  the  p h y s i c a l  
r ea s o n  f o r  th e  v a l i d i t y  of  th e  Heisenberg  H amilton ian  f o r  l a rg e  U. 
T h e r e f o r e ,  th e  sp in  c o r r e l a t i o n  f u n c t i o n s  a re  enhanced by the  i n c r e a s e  
of  U. However, when U p asse s  some c r i t i c a l  v a l u e ,  the  ground s t a t e  may 
change i t s  symmetry. This  makes th e  ground s t a t e  c o r r e l a t i o n  f u n c t i o n s  
change d r a m a t i c a l l y .
In Fig. 7A, we show th e  s p i n - c o r r e l a t i o n  f u n c t i o n s  f o r  n-7 and 
Z=45. With t h i s  va lue  of  U / t ,  t h e  system i s  in th e  ' f e r r o m a g n e t i c '  
s t a t e .  Hence,  t h e  sp in  c o r r e l a t i o n s  e x h i b i t  the  long range  o r d e r  in  th e  
s e n s e  t h a t  th e  f i r s t - ,  s e c o n d - ,  and th e  t h i r d - n e i g h b o r  c o r r e l a t i o n  
f u n c t i o n s  a re  p o s i t i v e  and equal  t o  each o t h e r .  In t h i s  c a s e ,  t h e  sp in  
c o r r e l a t i o n  f u n c t i o n s  a r e  independen t  of  U. I t  i s  a s i t u a t i o n  of  uniform 
s a t u r a t e d  m a g n e t i z a t i o n .  When we d e c r e a s e  t h e  va lue  of Z below 3 9 .5 ,  we 
have a ground s t a t e  w ith  s p i n  o n e - h a l f .  There a r e  d r am a t ic  changes  in  
t h e  f i r s t ,  s econd,  and t h i r d  ne ighbor  s p in  c o r r e l a t i o n  f u n c t i o n s  
i n c l u d i n g  the  change o f  s i g n ,  see Fig. 7B. D e s p i te  t h a t ,  t h e r e  i s  on ly  a 
s l i g h t  change of  th e  lo c a l  moment. The subsequen t  dependence o f  th e s e  
f u n c t i o n s  on U i s  not  monotonic,  bu t  f o r  v a l u e s  of  Z beyond t h e  l i m i t e d  
range  shown, t h e  f u n c t i o n s  d e c r e a s e  to  z e ro .
F ig .  8 shows th e  c o r r e l a t i o n  f u n c t i o n s  f o r  th e  h a l f - f i l l e d  c a s e .  
Note t h e  s i g n  p a t t e r n  of  t h e  c o r r e l a t i o n s :  f i r s t  and t h i r d  n e i g h b o r s ,  
n e g a t i v e ;  th e  second,  p o s i t i v e .  This  i s  a t y p i c a l  p a t t e r n  of 
a n t i  f e r r o m a g n e t i c  c o r r e l a t i o n s .
We a l s o  c a l c u l a t e d  t h e  charge  c o r r e l a t i o n  f u n c t i o n s  in  t h e  system.  
The cha rge  c o r r e l a t i o n s  d e c re a s e  m o n o to n ic a l ly  as U i n c r e a s e s .  I t  was
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expec ted  t h a t  t h e  l a r g e  U s u p p re s se s  th e  cha rge  f l u c t u a t i o n s .  We have 
shown an example in  Fig .  9.
In summary, as  U i n c r e a s e s  from z e r o ,  c o r r e l a t i o n s  remain weak 
u n t i l  U i s  in  t h e  range  of  3 t - 5 t ,  comparable t o  the  band w id th  6 t .  Then 
when U i s  about  2 0 t ,  which i s  t h r e e  t im es  th e  band w id th ,  th e  
c o r r e l a t i o n s  a r e  f u l l y  deve loped .  And t h e r e  i s  l i t t l e  f u r t h e r  change f o r  
va lu e s  o f  U g r e a t e r  than  t h i s .
I I I .  E x c i t a t i o n  spectrum
F ig .  10 shows th e  low ly ing  e ig e n -e n e rg y  spectrum f o r  t h e  c a s e s  n=7 
and n=8 f o r  U/t=10.  Let us c o n s i d e r  th e  n=8 case  f i r s t .  There i s  a 
r e l a t i v e l y  s p a r s e  group of  energy  l e v e l s  f o r  d i f f e r e n t  s p i n s .  The low 
l y i n g  e ig e n - e n e r g y  l e v e l s  cor respond  t o  t h e  s t a t e s  connec ted  by th e  sp in  
exchange which does not  a l t e r  the  t o t a l  sp in  o f  the  s t a t e .  With in  t h i s  
m a n i fo ld ,  t h e r e  a r e  no charge  f l u c t u a t i o n s ;  hence ,  t h e  e f f e c t i v e  s p in  
H am i l to n ian ,  th e  Heisenberg  Ham i l ton ian ,  can well  d e s c r i b e  t h e s e  s t a t e s .  
A h ig h e r  and more dense  group of s t a t e s  a r e  s e p a r a t e d  from th e  ground 
m an ifo ld  by about  0.4U. These e x c i t e d  s t a t e s  c o n t a i n  one double  
occupancy of  th e  same s i t e ,  which c e r t a i n l y  could  be a r r a n g e d  in more 
numerous ways.  Consequen t ly ,  the  l e v e l s  above the  gap a r e  c l o s e r  and 
more d en se .  In th e  i n f i n i t e  U l i m i t ,  t h e  gap known as t h e  Hubbard gap 
becomes equal  to  U. However, f o r  small  U, t h e r e  i s  no obv ious  gap in  th e  
spec t rum .  For example,  i f  t h e  same e x c i t a t i o n  l e v e l s  a r e  drawn w i th  
U/t=5 ,  we do not  f i n d  any gaps .
Comparing th e  n=7 c a s e  w ith  th e  n=8 c a s e ,  we f i n d  two major 
d i f f e r e n c e s .  One i s  t h a t  t h e  low ly ing  l e v e l s  a re  more numerous.  Second 
i s  t h a t  t h e  l e v e l  spread  more e n e r g e t i c a l l y  so t h a t  a gap i s  b a r e l y  
v i s i b l e .  Th is  i s  th e  r e s u l t  o f  th e  p r e s e n c e  of  an e x t r a  ho le  in  t h e  n=7
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c a s e .  The hole  i s  mobile and spread  out  over a l l  d i f f e r e n t  s i t e s ;  in  
a d d i t i o n  t h e r e  a r e  s p in  rea r ran g e m en ts ,  which means more low ly ing  
s t a t e s .  T h e re fo re ,  in  th e  n=7 c a s e ,  l a rg e  va lues  of  U a r e  r e q u i r e d  in 
o r d e r  t o  d i s t i n g u i s h  v i s i b l y  t h e  s t a t e s  with  and w i thou t  a double  
occupancy.
IV. Thermodynamic p r o p e r t i e s
Since we used the  symmetr iza t ion  of  b a s i s  method to  d i a g o n a l i z e  the  
Hubbard Hami l ton ian ,  we can o b ta in  a l l  the  e ig e n v a lu e s  and e i g e n v e c t o r s .  
T h e re fo re ,  we were ab le  to c a l c u l a t e  some i n t e r e s t i n g  thermodynamic 
q u a n t i t i e s  accord ing  to  the d e f i n i t i o n s  a t  the  end o f  Chapter  2. F i r s t ,  
we c o n s i d e r  th e  tem p era tu re  dependence o f  th e  magnet ic  s u s c e p t i b i l i t y ,  
t h e  s p in  c o r r e l a t i o n  f u n c t i o n s ,  and the  s p e c i f i c  h e a t .  We then  compare
ou r  r e s u l t s  t o  those  of  th e  Quantum Monte Carlo method.
We s t a r t  with  the  h a l f - f i l l e d  c a s e ,  and we s e l e c t  some r e s u l t s  with  
pa ram e te r s  which we b e l i e v e  w i l l  i l l u s t r a t e  the  most im por tan t  p h y s i c s .  
The s u s c e p t i b i l i t y  f o r  U / t =5 i s  shown in  F ig .  11. The ground s t a t e  s p in  
i s  z e ro  as s t a t e d  p r e v i o u s l y .  The curve then resembles  what would be 
expec ted  f o r  an a n t i f e r ro m a g n e t  except  t h a t  x *  approaches  i n f i n i t y  a t  
ze ro  t e m p e ra tu re  i n s t e a d  o f  a f i n i t e  l i m i t .  This i s  a f i n i t e  s i t e  e f f e c t  
in  t h e  c l u s t e r  c a l c u l a t i o n s .  Due t o  th e  d i s c r e t e  n a t u r e  of  the  energy 
l e v e l s ,  t h e  s u s c e p t i b i l i t y  of  a f i n i t e  system whose ground s t a t e  i s  a 
sp in  s i n g l e t  must go t o  zero  a t  zero  t e m p e ra tu re .
Then we compare th e  s u s c e p t i b i l i t y  r e s u l t s  with  th o s e  o f  th e  Monte
Car lo  c a l c u l a t i o n  shown in F ig .  11 f o r  th e  same c a s e .  The d o t s  a re  
o b ta in e d  by Quantum Monte Carlo c a l c u l a t i o n s  by Z h a n g ^ .  Even though th e  
Monte Car lo  c a l c u l a t i o n  has d i f f i c u l t i e s  in  th e  low te m p e ra tu re  r e g i o n ,  
a t  high  t e m p e ra tu r e ,  th e  r e s u l t s  o f  th e  two methods show a g e n e ra l
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agreement d e s p i t e  th e  d i f f e r e n t  thermodynamic ensembles  used .
We make a l i n e a r  l e a s t - s q u a r e  f i t  t o  th e  high  t e m p e r a t u r e  p o r t i o n  
of  t h e  s u s c e p t i b i l i t y  curve  and e x t r a p o l a t e  to  g e t  t h e  i n t e r c e p t .  We 
f i n d  t h a t  a t  t h e  high  t e m p e ra tu re  p o r t i o n  th e  s u s c e p t i b i l i t y  obeys a 
Cur ie -W eiss  law, which t a k e s  th e  form
C
x -  ( T  -  o )
( 3 . 2 . 9 )
where o i s  a pa ram agne t ic  Cur ie  t e m p e r a t u r e .  The v a lu e  o b ta in e d  from 
t h e  l e a s t - s q u a r e  f i t  t o  th e  high t e m p e ra tu re  p o r t i o n  f o r  th e  h a l f - f i l l e d  
c a s e  i s  about  0 . 16U.
The s p e c i f i c  hea t  c a l c u l a t i o n  f o r  t h e  h a l f - f i l l e d  c a s e  shows a two 
peak s t r u c t u r e  which has been found in numerical  c a l c u l a t i o n s  f o r  
s m a l l e r  systems to o .  From th e  e x c i t a t i o n  spec t rum ,  we can u n d e r s t a n d  
im media te ly  t h a t  the  lo w - tem pera tu re  peak i s  a s s o c i a t e d  w i th  th e  low es t  
s e t  of  e ig e n - e n e r g y  l e v e l s ,  which a r e  s p in  rea r ra n g e m e n t s  as we 
p r e v i o u s l y  p o in t e d  o u t  in  th e  d i s c u s s i o n  o f  the  e x c i t a t i o n  spec t rum .  The 
second peak i s  a s s o c i a t e d  with  th e  p r e s e n c e  of  th e  Hubbard gap .  For th e  
high  enough t e m p e r a t u r e ,  th e  thermal  e x c i t a t i o n  can go beyond the  
Hubbard gap ,  where t h e r e  a r e  l a rg e  numbers o f  a v a i l a b l e  s t a t e s .  An 
example i s  shown in  F ig .  12.
Our c a l c u l a t i o n s  o f  th e  s p in  c o r r e l a t i o n  f u n c t i o n s  show s t r o n g  
t e m p e r a t u r e  dependence .  The f i r s t ,  second,  and t h i r d  ne ig h b o r  sp in  
c o r r e l a t i o n  f u n c t i o n s  te nd  t o  ze ro  very  f a s t  in  a t e m p e ra t u r e  range  of  
t .  Again we compare our  e x a c t  d i a g o n a l i z a t i o n  r e s u l t s  w i th  th o s e  o f  
Monte Car lo  c a l c u l a t i o n .  The f i r s t ,  s econd,  and t h i r d  sp in  c o r r e l a t i o n
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f u n c t i o n s  show a good agreement once ag a in .  However, we have n o t i c e d  th e  
d i f f e r e n c e  shown a t  the  high tem p era tu re  p o r t i o n  of  th e  loc a l  moment 
curve  in Fig .  13. We a t t r i b u t e  t h i s  d i f f e r e n c e  to  the  d i f f e r e n t  
thermodynamic ensembles used in  the  c a l c u l a t i o n s .  The Monte Car lo  
c a l c u l a t i o n s  use th e  grand canon ica l  ensemble;  whereas ,  our e x a c t  
d i a g o n a l i z a t i o n  c a l c u l a t i o n s  use th e  canon ica l  ensemble.  At the  low 
t e m p e ra tu re  r e g i o n ,  the rmal  e x c i t a t i o n  i s  sm a l l ;  hence ,  the  charge  
f l u c t u a t i o n  i s  s m a l l ;  we expec t  the  good agreement between th e s e  two 
methods.  However, a t  the  high  tem pera tu re  r e g i o n ,  thermal induced charge  
f l u c t u a t i o n s  a r e  much more suppressed  in the  canon ica l  ensemble where a 
f i x e d  number o f  p a r t i c l e s  i s  e n fo rc e d .
Next we w i l l  c o n s id e r  the  case  with  n=7. Due to  th e  p o s s i b l e  
f e r ro m a g n e t i c  phase in  t h e  n=7 c a s e ,  we expec t  the  s p in  c o r r e l a t i o n  
f u n c t i o n s  and th e  magnet ic  s u s c e p t i b i l i t y  w i l l  behave d i f f e r e n t l y  in th e  
low te m p e ra tu r e  r e g io n ,  where the  p r o p e r t i e s  of  the  system depend s o l e l y  
on th e  n a t u r e  of  the  ground s t a t e .  Th is  i s  f i r s t  shown in  F ig .  14 f o r  
t h e  U/t=45 c a s e .  Even though a t  the  high t em pera tu re  r e g i o n ,  i t  obeys a 
Cur ie -W eiss  law with  Cur ie  t e m pera tu re  o b ta in e d  by th e  l i n e a r  l e a s t -  
squa re  t o  be about  0.19U, th e  r e c i p r o c a l  s u s c e p t i b i l i t y  obeys a Curie  
law r a t h e r  th a n  a Cur ie-Weiss law, and goes  to  ze ro  as the  t e m p e ra tu re  
goes t o  z e r o .  This  i s  ano the r  f i n i t e  s i z e  e f f e c t .  More p r e c i s e l y ,  f o r  
t h e  n=7 c a s e ,  and in gene ra l  f o r  the  case  with  an odd n in t h e  c l u s t e r  
c a l c u l a t i o n s ,  the  ground s t a t e  must have a non-zero  s p i n ;  hence,  a non­
z e ro  magnetic  moment which makes the  s u s c e p t i b i l i t y  d iv e rg e  a t  th e  ze ro  
t e m p e r a t u r e .
In c o n t r a s t ,  t h e  s u s c e p t i b i l i t y  curve  in  F ig .  15 f o r  th e  U/t=4 case  
shows th e  consequence of  a d i f f e r e n t  ground s t a t e .  The ground s t a t e  has
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s p in  o n e - h a l f ,  and t h e  sp in  c o r r e l a t i o n  f u n c t i o n s  a re  t y p i c a l l y  
a n t i  f e r r o m a g n e t i c .  The r e c i p r o c a l  of  th e  s u s c e p t i b i l i t y ,  a t  low
t e m p e r a t u r e ,  s t a r t s  t o  i n c r e a s e  and then  t u r n s  over  and f o l l o w s  a Cur ie
law to  z e r o  t e m p e r a t u r e .  Th is  i n c r e a s e  in  the  r e c i p r o c a l  o f  the
s u s c e p t i b i l i t y  a t  t e m p e ra tu r e s  nea r  ze ro  can be rega rded  as  th e  c l u s t e r
e q u i v a l e n t  o f  t h e  o n s e t  of  a n t i f e r r o m a g n e t i s m ;  a bulk  m e t a l l i c  
a n t i f e r r o m a g n e t  would have a f i n i t e  va lue  of s u s c e p t i b i l i t y  a t  z e ro  
t e m p e r a t u r e .
Another d i f f e r e n c e  from th e  h a l f - f i l l e d  case  i s  shown in  t h e  t h r e e  
peak s p e c i f i c  h e a t  in  F ig .  16. Two low peaks a re  a s s o c i a t e d  with  t h e  
l a r g e  manifo ld  o f  th e  sp in  r ea r ran g e m en ts  in th e  one h o le  sys tem.  From 
t h e  e x c i t a t i o n  spec trum shown in  F ig .  10, we have found a s e t  of f o u r  
c l o s e l y  spaced l e v e l s  w i th  s p a c i a l  degene racy ,  ly ing  about  0.001U above 
t h e  ground s t a t e .  These s t a t e s  a re  r e s p o n s i b l e  f o r  the  e x t r a  low 
t e m p e r a t u r e  peak .  The second peak can be e x p la in e d  i n  t h e  u s u a l  s e n s e ,  
which means t h a t  th e  t r a n s l a t i o n a l  e x c i t a t i o n s  of  t h e  ho le  about  0.044U 
h i g h e r  i n  energy  cause  th e  second peak.
The f i r s t ,  s econd,  and t h i r d  n e a r e s t  ne ighbor  s p i n  c o r r e l a t i o n  
f u n c t i o n s  a r e  shown f o r  the  same p a ram e te r s  in F ig .  17. The s ign  p a t t e r n  
of  t h e s e  c o r r e l a t i o n  f u n c t i o n s  i s  t h e  same as th e  h a l f - f i l l e d  c a s e  and 
t h u s  shows a n t i f e r r o m a g n e t i c  c o r r e l a t i o n s .  The c o r r e l a t i o n  f u n c t i o n s  
a g a i n  have s t r o n g  t e m p era tu re  dependence in  an energy  range  about  0 . 2 t  
to  0 . 4 t .  The c o r r e l a t i o n  f u n c t i o n s  drop  down t o  z e ro  very  r a p i d l y ,  w h i le  
t h e  s u s c e p t i b i l i t y  cu rve  r i s e s  up a c c o r d in g ly .  In t h e  same c u r v e ,  we 
have shown th e  gene ra l  agreement o f  t h e  e x a c t  d i a g o n a l i z a t i o n  method and 
t h e  Monte Carlo method.
We w i l l  no t  d i s c u s s  our r e s u l t s  f o r  the  s m a l l e r  o c cu p a n c ie s  in
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d e t a i l ;  except  t h a t  we show a s p in  c o r r e l a t i o n  curve f o r  the  n=5 case  in 
Fig. 18. For n=5, the  ground s t a t e  i s  3/2 (u n s a tu r a t e d  fer romagneti sm )  
f o r  a l l  p o s i t i v e  U. The cu rves  a re  drawn f o r  U / t =4. We have n o t i c e d  the  
second n e a r e s t  ne ighbor  c o r r e l a t i o n  fu n c t i o n  changes i t s  s i g n  nea r  
T = 0 .2 t .  Hence, we see from t h i s  t h a t  i t  may be d i f f i c u l t  t o  draw 
q u a l i t a t i v e  i n f e r e n c e s  concern ing  magnet ic al ignment in  th e  ground s t a t e  
from measurements of  s p i n - c o r r e l a t i o n  f u n c t i o n s  a t  h igh t e m p e ra tu r e .
This  o b s e r v a t i o n  i s  r e i n f o r c e d  by our c a l c u l a t i o n s  f o r  o t h e r  o ccupanc ies  
and va lues  of  pa ram e te rs .
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3 . 3  The Hubbard Model on t h e  BCC C l u s t e r
We have c o n s id e re d  th e  Hubbard model on th e  n in e  s i t e  bcc c l u s t e r  
shown in  F ig .  19. w i th  and w i th o u t  t h e  second n e a r e s t  ne ighbor  hopping 
te rm .  The p r e s en ce  of  th e  second n e ighbo r  hopping i s  more r e a l i s t i c  than  
c o n s i d e r i n g  only  t h e  f i r s t  n e a r e s t  ne ighbo r  hopping.  We have found th e  
second n e a r e s t  ne ighbo r  hopping f a v o r s  t h e  f e r r o m a g n e t i c  ground s t a t e  in  
some c a s e s .
In  t h i s  s e c t i o n ,  we only  d i s c u s s  t h e  d i f f e r e n c e  between th e  bcc and 
s imple  c u b ic  c l u s t e r s .  Then we b r i e f l y  p r e s e n t  our  r e s u l t s  f o r  t h e  
ground s t a t e  s p i n .  The d e t a i l e d  a n a l y s i s  i s  s i m i l a r  to  the  p r e v io u s  
s e c t i o n .
As i n d i c a t e d  by our p r e v io u s  work,  we have found t h a t  geometry i s  
one of th e  key f a c t o r s  in  the  d e t e r m i n a t i o n  of  t h e  n a t u r e  of  t h e  ground 
s t a t e .  The bcc s t r u c t u r e ,  c o n t r a r y  t o  the  simple  c u b ic  one ,  i s  a good 
c a n d i d a t e  f o r  t h e  oc c u r re n c e  o f  t h e  fe r rom agne t i sm  due t o  the  
l o g a r i t h m i c  s i n g u l a r i t y  in  t h e  d e n s i t y  of  s i n g l e  p a r t i c l e  s t a t e s  a t  th e  
middle  of  th e  band shown in  Fig.  20. From the  S to n e r  c r i t e r i a  f o r  t h e  
band fe r rom agne t i sm  which r e q u i r e s  t h a t
UN(Ef ) > 1
( 3 . 3 . 1 )
where t h e  N(Ef) i s  th e  d e n s i t y  of  s t a t e s  a t  t h e  Fermi e n e rg y ,  one 
e x p e c t s  th e  bcc s t r u c t u r e  t o  e x h i b i t  d i f f e r e n t  ground s t a t e s .
Let us begin  with  th e  s i n g l e  p a r t i c l e  energy  l e v e l s  a g a i n .
Denote by t  t h e  f i r s t  n e a r e s t  ne ig h b o r  hopping i n t e g r a l ,  and by z 
t h e  second n e a r e s t  ne ighbo r  hopping i n t e g r a l .  We can e x p r e s s  t h e  s i n g l e  
p a r t i c l e  s t a t e s  of  the  bcc c l u s t e r  a s :
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E<2) = - j -  [ 3z+/ 9z2 + 32 t 2 j
( 3 . 3 . 2 )
One can n o t i c e  t h a t  the  s i n g l e  p a r t i c l e  energy l e v e l s  a r e  not 
independen t  of  th e  s ig n  of  the  second n e a r e s t - n e i g h b o r  hopping i n t e g r a l ,  
bu t  they  a r e  independent  o f  th e  s ign  o f  the  f i r s t  n e a r e s t - n e i g h b o r  
hopping i n t e g r a l .  When z=0,  we have the  s i n g l e  p a r t i c l e  s t a t e s  
summarized in  Table 7. From Table 7, one immediate ly  n o t i c e s  the  
s i m i l a r i t y  between the  d e g e n e ra c ie s  of  s i n g l e  p a r t i c l e  l e v e l s  and th e  
d e n s i t y  of s t a t e s  in th e  i n f i n i t e  c r y s t a l .  Both have a h igh  peak a t  the  
middle of  t h e  band.  The second n e a r e s t  ne ighbor hopping term c e r t a i n l y  
w i l l  l i f t  t h e  l o g a r i t h m ic  s i n g u l a r i t y  in th e  d e n s i t y  o f  s t a t e s ,  as i t  
has done in  the  c l u s t e r  case  where the  s e v e n - fo ld  d e g e n e ra te  l e v e l s  a re  
s p l i t  i n t o  t h r e e  l e v e l s .
Our c a l c u l a t i o n s  of  th e  ground s t a t e  sp in  a r e  summarized in  Table
7.
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One d i s t i n c t  f e a t u r e  we observed  i s  t h a t  with  n o n -z e ro  second 
n e a r e s t  ne ighbor  hopping ,  i t  i s  p o s s i b l e  t o  have a f e r r o m a g n e t i c  ground 
s t a t e  even a t  t h e  h a l f - f i l l e d  band:
Let  z>0.  I f  U=0, f o r  th e  h a l f - f i l l e d  c a s e ,  nine e l e c t r o n s  w i l l  j u s t  
t a k e  t h e  low es t  t h r e e  l e v e l s ,  two a t  the  f i r s t  l e v e l ,  two a t  the  second 
l e v e l ,  and th e  remain ing  f i v e  a t  th e  t h r e e - f o l d  d e g e n e ra te  t h i r d  l e v e l  
shown in  F ig .  21. Hence, they  w i l l  form sp in  1 /2 .  A p p a ren t ly  an odd 
number o f  e l e c t r o n s  in t h i s  l e v e l  cannot  form a com ple te ly  c o r r e l a t e d  
s t a t e  where t h e  double  occupancy i s  avo ided .  So long as t h e r e  i s  an 
u n a v o id a b le  double  occupancy,  when U i n c r e a s e s ,  e l e c t r o n s  must be 
promoted t o  a h ig h e r  a v a i l a b l e  l e v e l ,  which in  our  case  i s  a g a in  t h r e e ­
f o l d  d e g e n e r a t e .  Th is  high ly ing  energy  l e v e l  could  accommodate t h r e e  
e l e c t r o n s  of  th e  same s p i n .  The q u e s t i o n  we have now i s  why one of th e  
two e l e c t r o n s  a t  th e  second l e v e l  i s  promoted a long  w i th  t h e  two down 
e l e c t r o n s  a t  t h e  t h i r d  l e v e l  t o  the  f o u r t h  l e v e l .  The answer i s  the  
ene rgy  r e q u i r e d  t o  promote two e l e c t r o n s  from th e  t h i r d  l e v e l  to  th e  
f o u r t h  l e v e l  e q u a l s  th e  energy  r e q u i r e d  to  promote one e l e c t r o n  from the  
second l e v e l  t o  th e  f o u r t h  l e v e l .  Both a r e  4z.
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TABLE 4 .  THE SINGLE PARTICLE ENERGY LEVELS FOR A CUBE
- 3 { l ) r 2< - l ( 3 ) r 5 l ( 3 ) r 4 , 3 ( 1 ) ^
Note: The energy i s  in u n i t s  o f  t ,  and the  number in p a r e n t h e s e s  i s  
t h e  degeneracy  of  t h a t  l e v e l ,  r deno tes  t h e  symmetry of the  s t a t e .
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TABLE 5 .  GROUND STATE SPIN FOR OCCUPANCIES 2 TO 8 
AS FUNCTIONS OF Z=U/t
n=2 S -0 ,  a l l  Z
n=3 5=1/2 .  a l l  Z
n=4 S=2, Z>223.214
S=0, Z<223.214
n=5 S = 3 /2 , a l l  Z
n=6 S=0, a l l  Z
n=7 S=7/2 ,  Z>39.526
S = l / 2 , Z<39.256
n=8 S=0, a l l  Z
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TABLE 6.  THE SINGLE PARTICLE STATES FOR BCC CLUSTER 
WITH FIRST NEAREST NEIGHBOR HOPPING ONLY
2/2  t  (1) (1)  tx
0 (7 )  r4 , ( 3 ) ,  rg ( 3 ) ,  r2 , ( l )
- 2 / ~ 2 t  (1)  r x
Note:  The number in  p a r e n t h e s e s  denotes  th e  degeneracy of  the  s t a t e ;  and 
r deno tes  th e  cub ic  symmetry.
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TABLE 7 .  THE GROUND STATE SPIN OF THE BCC CLUSTER 
as a F un ction  o f  U in  U n it s  o f  t
n N II 1 O
 
►—» INI II o 2=0.1
2 1 S=0, f o r  a l l  U
3 1 S = l / 2 , f o r  a l l  U
4 | S = l ,  f o r  U< 
I S=0, f o r  U>
0 . 10625E-3 | 
0 .10635 E-3 |
S = l / 2 ,  f o r  a l l  U
5 | S = 3 /2 , f o r  a l l  U |S=3 /2 ,  U<0.89063E- 3 j 
15=1/2,  U>0.89063E-31
S = l / 2 ,  f o r  a l l  U
6 | S = l ,  U<0.24622E-4 | S=2, U<0.10938E-3 | S= l ,  U<0.24688E-4
1 S=0. U>0.24622E-4 1 S=0, U>0.10938E-3 1 S=0. U>0.24688E-4
7 | S = l / 2 , f o r  a l l  U 
1
| S=5/2 ,  U<0.IE-3 | 
1 S = l / 2 .  U>0.IE-3 1
S=3/2 ,  U<3.52835 
S = l / 2 ,  U>3.52835
8 | S=0, f o r  a l l  U 
1
| S=3, U<0.25E-3 | 
1 S=0. U>0.25E-3 1
S = l ,  U<0.IE-4 
S=0, U>0.IE-4
9 | S = 7 / 2 , U>0.86026 
1 S = l / 2 ,  U<0.86026
! S - l / 2 , f o r  a l l  U | 
1 1
S=7/2,  U>0.84375 
S = l / 2 ,  U<0.84375
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3*4 SUMMARY
We have c o n s id e re d  th e  s im p le s t  form of the  Hubbard model w i th  a 
s i n g l e  nondegenera te  o r b i t a l  and n e a r e s t - n e i g h b o r  i n t e r a c t i o n  on ly  on 
th e  e i g h t  s i t e  s imple  cub ic  and nine s i t e  bcc c l u s t e r s .  We have 
de term ined  the  ground s t a t e  sp in  and c a l c u l a t e d  thermodynamic 
q u a n t i t i e s ,  which enab le  us to  c l a s s i f y  the  phys ics  of  the  model and 
d e s c r i b e  th e  d i f f e r e n t  ty p e s  of  magnetic behav io rs  depending on th e  
e l e c t r o n  occupanc ies  and the  param ete r s  of  th e  model .
For t h e  s im ple  cub ic  c l u s t e r ,  our r e s u l t s  a re  c o n s i s t e n t  w i th  
p rev io u s  c a l c u l a t i o n s .  And we have found t h a t  f o r  n=7 or  n=4,  th e  ground 
s t a t e  has a maximum sp in  p rovided  the  U/t  i s  s u f f i c i e n t l y  l a r g e .  And f o r  
n=5, we have th e  ground s t a t e  always to  be u n s a tu r a t e d  f e r ro m a g n e t i c  f o r  
a l l  p o s i t i v e  U. In th e  remaining c a s e s ,  we have found an t i  f e r r o m a g n e t i c  
sp in  c o r r e l a t i o n s .
The thermodynamic q u a n t i t i e s ,  which we have c a l c u l a t e d ,  a r e  the  
s p e c i f i c  h e a t ,  t h e  magnet ic  s u s c e p t i b i l i t y  and th e  t e m p e ra tu re  
dependence o f  th e  sp in  c o r r e l a t i o n  f u n c t i o n s  and the  charge  c o r r e l a t i o n  
f u n c t i o n s .  The s u s c e p t i b i l i t y  obeys a Cur ie-Weiss law in t h e  high 
t e m p e ra tu r e  r e g i o n .  The e x t r a p o l a t i o n  to  z e ro  t e m pera tu re  of  the  
s u s c e p t i b i l i t y  curve  g iv e s  a n e g a t iv e  paramagnetic  Cur ie  t e m p e ra tu r e  and 
a p o s i t i v e  Cur ie  tem p era tu re  f o r  ground s t a t e s  w i th  a minimum o r  a 
maximum s p i n ,  r e s p e c t i v e l y .  At low te m p e r a t u r e s ,  but  not  too  nea r  z e r o ,  
t h e  magnetic  s u s c e p t i b i l i t y  curve resembles  t h a t  of  a bulk m a t e r i a l .
Near ze ro  t e m p e r a t u r e ,  th e  f i n i t e  s i z e  e f f e c t  dominates .  The s p e c i f i c  
h ea t  of  t h e  system has a t y p i c a l  two peak s t r u c t u r e ,  which can be
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e x p l a in e d  in terms o f  t h e  p resence  o f  t h e  Hubbard gap.  However, in  one 
c a s e ,  we have found t h r e e  peaks .  The lo c a l  moment has very  l i t t l e  
dependence on th e  t e m p e ra tu r e .  But o t h e r  s p i n  c o r r e l a t i o n  f u n c t i o n s ,  th e  
f i r s t - ,  t h e  seco n d - ,  and t h e  t h i r d -  n e a r e s t  n e ig h b o rs ,  d e c r e a s e  very 
r a p i d l y  with  t e m p e r a t u r e .  D i s t i n c t i v e l y ,  we have found some of th e  
c o r r e l a t i o n  f u n c t i o n s  change t h e i r  s ig n  a t  i n t e r m e d i a t e l y  low 
t e m p e r a t u r e .  T h e r e f o re ,  i t  i s  not  obvious to  i n f e r  t h e  n a t u r e  of  the  
ground s t a t e  from th e  high  t e m p e ra tu re  measurements of the  s p in  
c o r r e l a t i o n  f u n c t i o n s .  We a l s o  have compared our  e x p l i c i t  e x a c t  
d i a g o n a l i z a t i o n  r e s u l t s  with  those  o f  th e  Monte Car lo  method, and we 
have found a g e n e ra l  agreement.  The only  d i f f e r e n c e  i s  th e  d i f f e r e n t  
thermodynamic ensembles  used in  th e  c a l c u l a t i o n ,  which a f f e c t  t h e  charge  
f l u c t u a t i o n  and hence t h e  loca l  moment.
For t h e  n ine  s i t e  bcc c l u s t e r ,  we have c o n s id e re d  th e  p h y s i c a l  
e f f e c t s  of  t h e  second n e a r e s t  ne ighbor  hopping.  One immediate e f f e c t  i s  
t h a t  i t  b reaks  t h e  l o g a r i t h m ic  s i n g u l a r i t y  a t  t h e  middle of  t h e  band.  In 
th e  c l u s t e r  c a l c u l a t i o n s ,  i t  s p l i t s  th e  high d e g e n e r a c i e s  in  t h e  midd le  
of  t h e  s i n g l e  p a r t i c l e  l e v e l s .  And th e  bcc c l u s t e r  g iv e s  an example of a 
f e r r o m a g n e t i c  ground s t a t e  w i th  th e  h a l f - f i l l e d  band.
In c o n c l u s i o n ,  th e  magnetic n a t u r e  of  t h e  ground s t a t e  depends 
s t r o n g l y  on th e  geometry o f  the  system through th e  spec trum of s i n g l e  
p a r t i c l e  l e v e l s .
CHAPTER 4 
THE ANDERSON MODEL ON CLUSTERS
In t h i s  c h a p t e r ,  we d i s c u s s  our a p p l i c a t i o n s  of  th e  ex a c t  
d i a g o n a l i z a i t i o n  method to  t h e  im pur i ty  and l a t t i c e  Anderson models .  In 
S e c t io n  4 . 2 ,  we p r e s e n t  our c a l c u l a t i o n  of  t h e  im pur i ty  Anderson model 
on a l i n e a r  c h a i n ,  and compare our r e s u l t  to  th o s e  o f  th e  
r e n o r m a l i z a t i o n  group method f o r  th e  i n f i n i t e  system. In S e c t io n  4 . 3 ,  we 
e x p l a i n  th e  f i v e  d i f f e r e n t  va lence  r e g io n s  found in  the  l a t t i c e  Anderson 
c a l c u l a t i o n s  on th e  t e t r a h e d r a l  c l u s t e r .  F i n a l l y ,  in S e c t io n  4 . 4 ,  we 
d i s c u s s  a s p e c i a l  case  by comparing our c a l c u l a t i o n  of the  l a t t i c e  
Anderson model on a fou r  s i t e  r in g  w i th  the  r e s u l t s  of  t h e  Monte Car lo  
c a l c u l a t i o n  f o r  th e  s i x t e e n  s i t e  r i n g .  We summarize t h i s  c h a p t e r  in  




An im p o r tan t  problem in the  th e o ry  o f  magnetism i s  how d i l u t e  lo c a l
moments form in  nonmagnetic metal  h o s t s .  The im pur i ty  Anderson model was
1 ftin t ro d u c e d  t o  e x p l a i n  the  above problem . The H am i l ton ian  in  t h e  Bloch 
b a s i s  i s  w r i t t e n  as
= ) Cu C t  C. +  E i  V CU , L k ko ko d L d a  dok ,a  a
+  5̂  (  V L, CA +  V L- C L, ) +  U  P i  n  i^ '  k ko d o  k da k a ; d t  d i
( 4 . 1 . 1 )
The te rms a r e  (1) th e  hos t  e l e c t r o n s  s i n g l e  p a r t i c l e  energy  in the  band 
s t a t e s ;  (2)  t h e  im pur i ty  s t a t e  oc c u p a t io n  energy ;  (3) t h e  h y b r i d i z a t i o n  
energy  of  t h e  e l e c t r o n s  in  the  im pur i ty  s t a t e  w i th  th e  band s t a t e s ;  and,  
(4)  t h e  Coulumb r e p u l s i o n  energy i f  two e l e c t r o n s  occupy th e  same 
im p u r i ty  s t a t e .  The c^ a and c ^  a r e  c r e a t i o n  and a n n i h i l a t i o n  
o p e r a t o r s  of  e l e c t r o n s  w i th  sp in  o in  t h e  k s t a t e ;  d^ and d Q r e f e r  
to  t h e  im p u r i ty  s t a t e .
Th i s  model has played an im por tan t  r o l e  in  th e  u n d e r s t a n d i n g  of  
mixed v a l e n c e ,  t h e  fo rm a t io n  o f  moments and th e  Kondo e f f e c t .  The model 
has been s o lv ed  e x a c t l y  with  a s i m p l i f i e d  model of  band s t r u c t u r e  both
on
by t h e  r e n o r m a l i z a t i o n  group method and th e  Bethe Ansatz method .
R e c e n t ly ,  quantum Monte Car lo  t e ch n iq u e  has been a p p l i e d  t o  s tu d y  t h i s  
4ftmodel on c l u s t e r s  .
The l a t t i c e  Anderson model ( E q (1 .5 ) )  i s  t h e  n a t u r a l  g e n e r a l i z a t i o n
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of t h e  i m p u r i t y  Anderson model when one c o n s i d e r s  the  r a r e  e a r t h  and 
a c t i n i d e  compounds.  In view of th e  a n a l y t i c  d i f f i c u l t i e s  d i s c u s s e d  in  
Chapte r  1, i t  i s  u s e f u l  to s tudy  th e s e  many-body H am i l ton ians  dy d i r e c t  
numerica l  t e c h n i q u e s .  Two approaches  of  t h i s  ty p e  i n c lu d e  e x p l i c i t  
d i a g o n a l i z a t i o n  of  model H ami l ton ians  d e f in e d  on small  c l u s t e r s ,  and 
quantum Monte C a r lo  s i m u l a t i o n s .  The advantage o f  t h e s e  approaches  i s  
t h a t  e s s e n t i a l l y  ex a c t  r e s u l t s  can be o b ta in ed  but  on ly  small  sys tems or  
p o r t i o n s  o f  t h e  range  of  th e  p a ram e te r s  can be s t u d i e d .
With t h e  e x a c t  d i a g o n a l i z a t i o n  method d e s c r ib e d  in  Chap te r  2,  we 
have s t u d i e d  t h e  im pur i ty  and l a t t i c e  Anderson models  on v a r io u s  
c l u s t e r s .  We he re  t r y  t o  e l u c i d a t e  as  much as p o s s i b l e  th e  d i f f e r e n t  
reg im es  of  b e h a v io r  in th e s e  models .  And by th e  comparison o f  th e  
c l u s t e r  r e s u l t  w i th  th e  e x a c t  a n a l y t i c  r e s u l t s ,  we can s tudy  f i n i t e  s i z e  
e f f e c t s  so t h a t  we can g e n e r a l i z e  our  r e s u l t s  of  th e  l a t t i c e  Anderson 
model t o  t h e  bulk  m a t e r i a l .
For t h e  im p u r i ty  Anderson model ,  we have s t u d i e d  t h e  l i n e a r  c h a i n  
w i th  t h e  t i g h t - b i n d i n g  band f o r  t h e  conduc t ion  e l e c t r o n s .  G e n e r a l l y ,  we 
have found t h a t  t h e  c l u s t e r  c a l c u l a t i o n  can g ive  good r e s u l t s  f o r  t h e  
i n t e r e s t i n g  q u a n t i t i e s ,  l i k e  the  im pur i ty  s u s c e p t i b i l i t y .
For t h e  l a t t i c e  Anderson model ,  we have performed t h e  c a l c u l a t i o n  
on a t e t r a h e d r a l  c l u s t e r  and a f o u r  s i t e  square  c l u s t e r .  We have 
emphasized t h e  w e a k - h y b r i d i z a t i o n ,  s t r o n g  i n t e r a c t i o n  s e c t o r  o f  t h e  
model .  We b e l i e v e  t h a t  t h i s  i s  r e l e v a n t  to  r e a l  m a t e r i a l s  c o n t a i n i n g  
r a r e - e a r t h  and a c t i n i d e  compounds, and t o  th e  q u e s t i o n  o f  heavy-Fermion 
b e h a v i o r s .  I t  i s  in  t h i s  s e c t o r  o f  t h e  p a ram e te r s  t h a t  t h e  Monte C ar lo  
c a l c u l a t i o n  ru n s  i n t o  d i f f i c u l t i e s .  We have found r i c h  p h y s i c a l  b eh a v io r  
i n c l u d i n g  th e  mixed va lence  and th e  Kondo e f f e c t  in  t h e  model .  And we
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have conf irm ed  th e  p re sen ce  of  a n t i  f e r ro m a g n e t i c  c o r r e l a t i o n s  a t  T=0 
between f-moments,  which do no t  e x i s t  in t h e  s i n g l e  im p u r i ty  model .  We 
a l s o  have compared our  r e s u l t s  f o r  small c l u s t e r s  w ith  one by a Monte 
C ar lo  c a l c u l a t i o n  method f o r  a l a r g e r  system.  Good agreement i s  a ch ieved  
in  t h e  s t r o n g  h y b r i d i z a t i o n  range  of  p a r a m e te r s ,  where t h e  Monte Car lo  
c a l c u l a t i o n  i s  made. One drawback o f  our  c a l c u l a t i o n  i s  t h a t  on ly  two 
o r b i t a l s  pe r  s i t e  can be c o n s id e r e d .  Thus, t h e  a n g u la r  momentum 
degene racy  o f  r e a l  f  l e v e l s  i s  n e g l e c t e d .  Another drawback o f  ou r  small  
c l u s t e r  c a l c u l a t i o n  i s  t h a t  we cannot  d i s c u s s  q u a n t i t i e s  l i k e  the  
c o r r e l a t i o n  l e n g t h .
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4 . 2  The In ^ u r ity  Anderson Model on Linear Chains and Rings
M otiva ted  by th e  l a t t i c e  Anderson model c a l c u l a t i o n s ,  ou r  aim in 
s tu d y in g  the  im pur i ty  Anderson model i s  to  compare our  r e s u l t s  w i th  the  
e x a c t  r e s u l t .  Hence, we can d i s c u s s  th e  l i m i t a t i o n  o f  our smal l  c l u s t e r  
c a l c u l a t i o n s .
In our  c a l c u l a t i o n ,  i t  i s  e a s i e r  to  work w i th  t h e  lo c a l  b a s i s .  We 
then  have th e  im pur i ty  Anderson model w r i t t e n  a s :
) t . . c t  c .  + E .N. + )’ V. ( cT d + d+ c ,  ) + Un. n,
1J l o  Jo  d d  . L a 0 l o '  d + d i
1.J T,o
( 4 . 2 . 1 )
We use th e  t i g h t  b ind ing  band f o r  conduc t ion  e l e c t r o n s ,  i . e . ,
E(k)=D cos (ka )
and Vk t a k e s  e i t h e r  of th e  fo l low ing  two forms
( 4 . 2 . 2 )
/N
( 4 . 2 . 3 )
or
?\l
V, = -----  cos(ka)
K /N
( 4 . 2 . 4 )
where N i s  t h e  number of  s i t e s  f o r  co n d u c t io n  e l e c t r o n s .  Th is  p a r t i c u l a r  
c h o ice  o f  band s t r u c t u r e  im p l ie s  t h a t  th e  conduc t ion  e l e c t r o n s  hopping
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i n t e g r a l  i s  t=D/2.  The two c h o ic e s  of  t h e  h y b r i d i z a t i o n  term c o r re spond  
t o  t h e  o n - s i t e  h y b r i d i z a t i o n  and th e  f i r s t  n e a r e s t - n e i g h b o r  
h y b r i d i z a t i o n ,  r e s p e c t i v e l y .  I t  i s  obvious  t h a t  the  energy  i s  s c a l e d  by 
D, t h e  band w id th .
We d e f i n e  th e  im pur i ty  s u s c e p t i b i l i t y  t o  be
xH= (9mr ) 2 I  e a <a|S*;z M z ) |a>
( 4 . 2 . 5 )
where
( 4 . 2 . 6 )
( 4 . 2 . 7 )
Sd 2 * nd + " nd+ ^
i s  t h e  im p u r i ty  Sz o p e r a t o r ;  and
S<2)s ~ r  I  < n » -  n i . >
i s  t h e  t o t a l  S7 o p e r a t o r .  Then in  s u i t a b l e  u n i t s ,
T*d * <Sd V  + <Sd V  ! ' ueff>
( 4 . 2 . 8 )
2
where Sc i s  th e  t o t a l  Sz o f  th e  conduc t ion  e l e c t r o n s ,  and i s  an
e f f e c t i v e  moment.
In  g e n e r a l ,  t h e  im pur i ty  s i t e  could  be empty,  s i n g l y  occupied  w i th  
s p in  up ,  s i n g l y  occupied  with  sp in  down, and doubly occupied  w i th  t h e  
c o r r e s p o n d in g  magnetic  moments: 0,  1 /4 ,  1 /4 ,  and 0 .  Th is  can be a r ranged  
by a d j u s t i n g  Ed . At high t e m p e r a t u r e ,  we w i l l  have t h e  ave rage  moment 
f o r  t h e  above fo u r  c a s e s .  We th e n  have a va lue  of  1 /8 .  In the
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i n t e r m e d i a t e  t e m p e r a t u r e ,  we have s o - c a l l e d  mixed va lence  reg im e ,  where 
t h e  im p u r i t y  e l e c t r o n  number i s  no t  an i n t e g e r .  In t h i s  c a s e ,  th e  
m agne t ic  moment has a t y p i c a l  va lue  of  1 / 6 ,  which i s  th e  average  o f  th e  
s i n g l y  occup ied  w i th  empty c a s e s ,  o r  o f  t h e  s i n g l y  occupied  with  t h e  
doubly  o cc u p ie d .  When th e  im pur i ty  e l e c t r o n  number i s  c l o s e  to  one ,  we 
have th e  Kondo reg im e,  in  which th e  im pur i ty  m agne t ic  moment i s  1 /4 ,  bu t  
t h i s  i s  c o m p le te ly  quenched by the  co n d u c t io n  e l e c t r o n  s p in s  a t  T=0.
Our im p u r i ty  s u s c e p t i b i l i t y  c a l c u l a t i o n  shows a g radua l  v a r i a t i o n  
from one reg ime to  a n o th e r  as the  t e m p e ra tu r e  changes .  There i s  good 
agreement between the  c l u s t e r  c a l c u l a t i o n  and the  r e n o r m a l i z a t i o n  group 
c a l c u l a t i o n ,  excep t  fo r  the  high te m p e ra tu r e  r e g io n  where one has to  use 
t h e  grand  can o n ic a l  ensemble to  o b t a i n  t h e  c o r r e c t  r e s u l t .  We show a 
compar ison  of  our  r e s u l t  w i th  the  u n i v e r s a l  curve  of th e  im pur i ty  
s u s c e p t i b i l i t y  in  Fig .  22. And the  r e l a t i o n  of  the  im pur i ty  o c c u p a t io n  
energy  and th e  d i f f e r e n t  c o n f i g u r a t i o n s  of  th e  im pur i ty  i s  shown in  Fig .  
23.
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4 . 3  The L a t t i c e  Anderson Model on a T e t r a h e d r a l  C l u s t e r
We have s t u d i e d  the  l a t t i c e  Anderson model on a t e t r a h e d r a l  c l u s t e r  
in  t h e  weak h y b r i d i z a t i o n ,  s t ro n g  i n t e r a c t i o n  s e c t o r  o f  th e  model .  Even 
though o u r  system i s  s m a l l ,  t h e  l a rg e  number of  a v a i l a b l e  s t a t e s  e n a b l e s  
us t o  i n v e s t i g a t e  th e  thermodynamic p r o p e r t i e s  of  t h e  model.  We have 
found t h a t  th e  c l u s t e r  c a l c u l a t i o n  can d e s c r i b e  a l a rg e  range  of 
d i f f e r e n t  p h y s ic a l  sys tems .  By vary ing  th e  f - e n e r g y  l e v e l ,  we have 
o b ta in e d  d i f f e r e n t  regimes of  the  model c l a s s i f i e d  a c c o rd in g  t o  the  
o c c u p a t io n  o f  f - e l e c t r o n s .  We have c a l c u l a t e d  th e  f  e l e c t r o n  
s u s c e p t i b i l i t y ,  which can be expressed  as
xf = (9pb) 2 -§ ~  I  e < a l$fo> s ^ l a>
( 4 . 3 . 1 )
where
n _ n \ 
° fo  2 f°+ f ° + '
( 4 . 3 . 2 )
i s  an f  e l e c t r o n  s p i n  o p e r a t o r ,  and
i s i t e
s ( 2 ) = - r
( 4 . 3 . 3 )
i s  a t o t a l  s p i n  o p e r a t o r .  From th e  above e q u a t i o n s ,  we e x p r e s s  the  
e f f e c t i v e  f  moment, s p e c i f i c  t o  t h e  t e t r a h e d r o n  c l u s t e r ,  as
kBTXf/ ( g u B) 2 = L0 ( f , f )  + L0 ( f , c )  + 3 L , ( f , f )  + 3 L j ( f  , c )
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( 4 .3 .4 )
where L0 d e n o te s  t h e  loca l  moment, and L, d en o te s  th e  f i r s t  n e a r e s t  
n e ighbor  s p in  c o r r e l a t i o n  f u n c t i o n .  I f  the  ground s t a t e  i s  a s p in  
s i n g l e t ,  i t  i s  easy  t o  show t h a t
lim (kRTXf) = 0 
T->0 0 T
( 4 . 3 . 5 )
I .  S i n g l e  p a r t i c l e  l e v e l s
We have le a rned  t h a t  knowledge of  th e s e  s i n g l e  p a r t i c l e  l e v e l s  i s  
t h e  p r e r e q u i s i t e  to  u n d e r s t a n d in g  the  complex many-body phenomena.
In t h e  t e t r a h e d r a l  c l u s t e r ,  the  s i n g l e  p a r t i c l e  energy  l e v e l s  a r e  
e x p re s s e d  as
E= ~  { ef + 3t  ± | ( c f - 3 t ) 2 + 36 V2 i 2
( 4 . 3 . 6 )
and
E= - j -  { cf - t  ± [ ( Ef+ t ) 2+ 4V
1
2 i 2
( 4 . 3 . 7 )
f o r  and r ^ ,  r e s p e c t i v e l y .  The l e v e l  w i th  symmetry i s
n o n d e g e n e ra te ,  and th e  l e v e l  w i th  symmetry i s  t r i p l y  d e g e n e r a t e .
For small  V, one can f in d  th e  f - l e v e l  i s  d i s p l a c e d  downward by a
2
q u a n t i t y  o f  th e  o r d e r  of  V / ( c f - 3 t ) ,  and th e  c o n d u c t io n  e l e c t r o n  leve l
i s  moved up by th e  same amount. This  f i t s  t h e  g e n e ra l  p i c t u r e  f o r  th e
bulk  sys tem.  I f  i s  below the  c o n d u c t io n  l e v e l s ,  t h e  c o n d u c t io n  band
2
i s  s h i f t e d  upward by V / e f t  and th e  f  l e v e l s  a r e  broadened by a 
q u a n t i t y  o f  th e  same o r d e r .
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The e i g e n v e c t o r s  c o r re spond ing  to the  s i n g l e  p a r t i c l e  l e v e l s  
E q n s (4 .3 .6 )  and ( 4 . 3 . 7 )  c o n t a i n  the  mix ture  of f and c e l e c t r o n s .  I t  i s  
h e l p f u l  to  de te rm ine  the  w eigh t  of  f - e l e c t r o n s  in t h e s e  s t a t e s .  For the 
s t a t e s  w i th  r ,  symmetry, t h e  f -w e ig h t  i s
= ( 1+
I E ( r , )  -  c f )‘ 
9V2
( 4 . 3 . 8 )
and f o r  r 4 ,
I E(r„)- i - l
( 4 . 3 . 9 )
When V i s  small and does not  equal  E( r ,) o r  E ( r M) ,  one can expand 
th e  above e x p r e s s i o n s  to  o b t a i n
E ( i' j )=cf + 9 V2/ ( c f - 3 t )
or
E ( r , )= 3 t -9 V  / ( e f - 3 t )
( 4 .3 .1 0 )
and
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E ( r J  = V2/ ( ^ f * t )
or
E ( r J =  - t  -  v ' / ( Ef+ t )
( 4 . 3 . 1 1 )
The co r re s p o n d in g  f -w e ig h t  o f  th e  lower l e v e l  f o r  each symmetry i s
f f ( r , ) -  1 -  9 V2 / ( Ef -  3 t ) 2
and
f f ( r j  * 1 -  V2 / ( £ f + t ) 2
( 4 . 3 . 1 2 )
We w i l l  use  t h e s e  e x p r e s s io n s  to  e s t i m a t e  the  ground s t a t e  energy  l a t e r .
I t  i s  worth p o i n t i n g  out  t h a t  in  our  system th e  s i n g l e  p a r t i c l e  
l e v e l s  a r e  h ig h ly  nonuniform. For p o s i t i v e  t ,  t h e  lower l e v e l  i s  
d e g e n e r a t e ,  which co r responds  to  th e  l a rg e  d e n s i t y  of  s t a t e s  a t  th e  
bottom o f  t h e  band; when t  i s  n e g a t i v e ,  the  l e v e l s  a r e  r e v e r s e d .  Much of 
th e  p r e v io u s  work on bo th  t h e  im pur i ty  and th e  l a t t i c e  Anderson models  
has c o n s id e re d  a f e a t u r e l e s s  conduc t ion  band w i th  a r e c t a n g u l a r  d e n s i t y
of  s t a t e s ,  and our  h ig h ly  nonuniform d i s t r i b u t i o n  of  c l e v e l s  must lead
to  some d i f f e r e n t  consequences .  Many r e a l  systems to  which th e  l a t t i c e  
Anderson model i s  u l t i m a t e l y  in ten d ed  to  apply  have c om pl ica ted  c r y s t a l  
s t r u c t u r e s  and complex conduc t ion  bands.
I I .  R e s u l t s
By v a ry ing  th e  f - e l e c t r o n  energy  le v e l  w h i le  keeping o t h e r  
pa ram e te r s  f i x e d ,  we have found th e  f i v e  d i f f e r e n t  r e g io n s  in  th e
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l a t t i c e  Anderson model,  which i s  summarized in F ig .  24.  In t h e  f i g u r e ,  
we use th e  c o n v e n t io n  t h a t  the  ze ro  energy  c o r re sponds  to  t h e  ene rgy  in  
which a l l  e l e c t r o n s  a re  in the  conduc t ion  s t a t e s .
Denote by th e  energy  of  t h e  lowest  empty s t a t e  in  th e
co n d u c t io n  band when the  f  l e v e l s  a r e  f u l l ;  and l e t  and bec c
th e  c o r r e s p o n d in g  q u a n t i t i e s  when one or  two e l e c t r o n s  per  s i t e  have 
been t r a n s f e r r e d  t o  conduc t ion  s t a t e s .  We then  d e l i n e a t e  the  f i v e  
d i f f e r e n t  r e g io n s  by th e  fo l lo w in g  t h r e e  l i n e s :
E=2 e f + U
( 4 . 3 . 1 3 )
( l i n e  a in F ig .  24 ) ,
E= cf + E*[0 ) f  c
(4 . 3 . 1 4 )
( l i n e  b in  F ig .  2 4 ) ,  and
E= E W
( 4 . 3 . 1 5 )
( l i n e  c in  F ig .  24)
I f  V=0, th e n  th e  n^ would change s h a rp ly  from 2 t o  1 to  0 .  There 
would be no mixed va lence  r e g i o n s .  I n c lu s i o n  of  the  h y b r i d i z a t i o n  
produces  two a d d i t i o n a l  mixed va l e n c e  r e g io n s  in  th e  ground s t a t e  energy  
g raph .  The v e r t i c a l  dashed l i n e s  i n d i c a t e  approximate b o u n d a r ie s  o f  th e  
fo l l o w i n g  d i f f e r e n t  r e g io n s :
(1) Maximally occupied  f  s t a t e s  de f in e d  by e£°)  - U . In t h i s
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r e g i o n ,  atoms ta k e  c o n f i g u r a t i o n s .
(2)  F i r s t  mixed va lence  r e g io n  d e f in e d  by u < ^ f < E ^ -  U • 
The atoms change between f ^  and f ( ^  c o n f i g u r a t i o n s .
(3) Kondo r e g i o n  d e f in e d  by E ^ -  U < cf  < . All atoms 
c o n t a i n  one f  e l e c t r o n .
(4) Second mixed va lence  r e g io n  d e f in e d  by < ĉ - E ^ ^  ,
where atoms change from f ^ ^  t o  f ( ° ) .
(5) No f  e l e c t r o n s  (e^> E ^ ) .  The atoms c o n t a i n  no f e l e c t r o n s .  
Next we d i s c u s s  t h e  ground s t a t e  and th e  thermodynamic p r o p e r t i e s  in 
d i f f e r e n t  r e g i o n s .
A. Maximally occupied f  s t a t e s  
In t h i s  r e g i o n ,  t h e  f  e l e c t r o n  occu p a t io n  energy i s  so low t h a t  
a lmost  a l l  e l e c t r o n s  a r e  in  the  f  o r b i t a l  d e s p i t e  t h e  Coulumb r e p u l s i o n  
a t  t h e  same s i t e .  T h e re fo re ,  the  f  l e v e l  must s a t i s f y
( 4 . 3 . 1 6 )
Due to  t h e  f u l l  occupancy of  the  f  l e v e l s ,  e l e c t r o n s  form a c o l l e c t i o n  
of  lo c a l  s i n g l e t s .  Hence,  t h e r e  i s  a lmos t  no magnetic  c o r r e l a t i o n s ,  no 
charge  f l u c t u a t i o n s ,  and small c o r r e l a t i o n  energy .
When one ho le  i s  in t ro d u ced  t o  th e  sys tem,  one e x p e c t s  no 
s i g n i f i c a n t  change i n  t h e  p a t t e r n  of  c o r r e l a t i o n s ,  s i n c e  a l l  s i t e s  a r e  
f u l l  e x ce p t  one .  I f  more h o le s  a r e  in t r o d u c e d ,  we have found c e r t a i n  
s u r p r i s i n g  r e s u l t s .  In our  c a l c u l a t i o n  o f  a s ix  e l e c t r o n  sys tem in  t h i s
r e g i o n ,  t h e  ground s t a t e  i s  magne tic  o f  sp in  1.  When n=5,  th e  ground
2
s t a t e  i s  a q u a r t e t  w i th  th e  e f f e c t i v e  exchange o f  t h e  o r d e r  of  V /
In t h i s  c a s e ,  w i th  th e  i s o l a t e d  moment, one e x p e c t s  t h e  Hubbard model ,
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or  even th e  Heisenbery  model,  would work. In f a c t ,  we u t i l  i / e  he re  the
1 c
arguments used by Fa l icov  and V ic to ra  f o r  th e  Hubbard model on th e  
t e t r a h e d r a l  c l u s t e r  to  e x p l a in  the  f e r ro m a g n e t ic  ground s t a t e  in  our  
c a s e .  The t h r e e  ho le s  go t o  th e  d egene ra te  s i n g l e  p a r t i c l e  le ve l  w i th  
i \  symmetry, th e n  Hund's r u l e  p r e d i c t s  the  h ig h - s p in  s t a t e  i s  the  
ground s t a t e .
According t o  our e x p e r i e n c e ,  we expec t  th e  p o s s i b i l i t y  of the
fe r rom agne t ism  provided  t h a t  the  d e n s i t y  o f  s t a t e s  has a h igh  peak in
th e  bulk m a t e r i a l .  I f  the  Fermi energy f a l l s  on to  th e  peak ,  i t  i s  very
f a v o r a b l e  to  have a fe r ro m a g n e t ic  s t a t e .
When each atom co n ta in s  one f e l e c t r o n ,  the  ground s t a t e  i s  a Mott
i n s u l a t o r  in the  range of  param ete rs  we c o n s id e re d .  E l e c t r o n s  a re
a n t i f e r r o m a g n e t i c a l l y  c o r r e l a t e d  with  an exchange i n t e r a c t i o n  of  th e  
4 2o r d e r  of V / {cf  U). The lowes t  e x c i t a t i o n  i s  th e  c r e a t i o n  o f  a double
occupancy in the  system accompanied by a mobile ho le .  Then the
e x c i t a t i o n  energy i s  of  o rd e r  U, which i s  s t i l l  s m a l l e r  than  t h a t  
r e q u i r e d  t o  t r a n s f e r  an e l e c t r o n  t o  th e  conduct ion  s t a t e  which would 
r e q u i r e  th e  energy  - e^.
The c o r r e l a t i o n  energy i s  c o n v e n t io n a l ly  e s t im a te d  by the  
d i f f e r e n c e  between th e  exac t  g r o u n d - s t a t e  energy and t h a t  c a l c u l a t e d  in  
t h e  H ar t ree -Fock  e q u a t i o n s ,  which i s  g iven  by
E — I  + U y<n- ><n. >
g ^ a  v i t  i  +3 a 1
( 4 . 3 . 1 6 )
where i s  the  s i n g l e  p a r t i c l e  energy .  E le c t ro n s  a re  assumed to
occupy th e  s i n g l e  p a r t i c l e  l e v e l s  accord ing  to  Fermi s t a t i s t i c s .
In t h i s  r e g io n ,  s ince  the  f - l e v e l s  a re  almost  f u l l ,  the  average
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number o f  up f - e l e c t r o n s  p e r  s i t e  i s  one,  th e  ave rage  number o f  down f -  
e l e c t r o n s  w i l l  be n/N-1 .  We then  c o n s id e r  th e  f - w e i g h t s  in  th e  s i n g l e  
p a r t i c l e  l e v e l s  to  in c lu d e  the  e f f e c t  of  th e  mixed n a t u r e  of  th e  s t a t e .  
And we have
Eq= I ‘ i S> *  f fU(n-N)
a a
( 4 . 3 . 1 7 )
We f in d  th e  c o r r e l a t i o n  energy by th e  above e q u a t io n  f o r  t h i s  
r e g io n  and t a b u l a t e  i t  i n  Table 8. A small c o r r e l a t i o n  energy  i s  found 
in  t h i s  r e g i o n ,  which i n d i c a t e s  the  weak c o r r e l a t i o n  between f 
e l e c t r o n s .
B. F i r s t  mixed-valence  re g io n  
Th is  r e g i o n  o ccu r s  when th e  atoms change from th e  
c o n f i g u r a t i o n ,  which we j u s t  d i s c u s s e d ,  to  the  f ^  c o n f i g u r a t i o n .  The 
w id th  of  t h i s  r e g io n  i s  determined by the  s t r e n g t h  o f  t h e  h y b r i d i z a t i o n  
and the  d i s t r i b u t i o n  o f  conduct ion-band s t a t e s .  We e x p re s s  t h e  range  by
E<°>S ef + U < E<] )
( 4 . 3 . 1 8 )
w i th  smear ing of  o r d e r  V a t  each s id e  of  th e  t r a n s i t i o n .  Th i s  t r a n s i t i o n  
i s  shown in  F ig .  25 as a f u n c t i o n  of th e  f - e l e c t r o n  s i n g l e  p a r t i c l e  
l e v e l .  In  t h e  case  o f  t = - l ,  t h e  shape i s  d i f f e r e n t  due t o  t h e  d i f f e r e n c e  
o f  t h e  c o n d u c t io n  e l e c t r o n  s i n g l e  p a r t i c l e  l e v e l s ,  which we have 
mentioned  e a r l i e r .  S ince  t = - l ,  t h e  lowest  conduc t ion  l e v e l  i s  of  
r ,  symmetry,  which can accommodate only  two e l e c t r o n s ,  and f o u r
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e l e c t r o n s  have t o  be t r a n s f e r r e d  t o  conduct ion  l e v e l s ;  two more 
e l e c t r o n s  have t o  be promoted to  h ig h e r  conduct ion  l e v e l s ,  which i s  not  
achieved  u n t i l  e^+ U = E ( r M) . Due to  t h e  s t r o n g l y  mixed n a t u r e ,  we do 
no t  expec t  t h a t  E q ( 4 . 3 . l 7 )  would work as wel l  as in  the  p rev io u s  r e g i o n .  
The l a r g e r  c o r r e l a t i o n  energy i s  shown in  Table 9.
Another f e a t u r e  of  t h i s  reg io n  i s  t h a t  the  f-moment a t  a s i t e  i s  
almos t  a l i g n e d ,  which means,
4L0( f , f ) / ( 2 - n f ) „ 1
(4 .3 . 1 9 )
The ground s t a t e  i s  always a low-sp in  s t a t e .  Then we expec t  t h e  t y p i c a l  
a n t i f e r r o m a g n e t i c  c o r r e l a t i o n s .  A c tu a l ly ,  the  f-moments a r e  compensated 
p a r t l y  by the  c - f  c o r r e l a t i o n s  and f - f  c o r r e l a t i o n s  w ith  the  d i f f e r e n t  
weigh ts  depending on the  param eter  in the  range of  E q ( 4 . 3 .1 8 ) .
One more e f f e c t  o f  th e  s t r o n g l y  mixed s t a t e  i s  r ev ea led  in  the  
e x c i t a t i o n  spec trum. In t h i s  r e g io n ,  the  s i t e s  a re  e i t h e r  in the  f ^ ^  or 
f ( ^ )  c o n f i g u r a t i o n s .  The c o n f i g u r a t i o n a l  degeneracy leads  to  a l a rg e  
number of  low ly ing  s t a t e s .  This  r e v e a l s  i t s e l f  aga in  in the  
thermodynamic q u a n t i t i e s ,  t h a t  i s  t h e i r  r a p id  change in  th e  low 
te m p e ra tu re  r e g io n .  We show t h i s  e f f e c t  by the  tem p era tu re  dependence of 
th e  f - e l e c t r o n  number, t h e  sp in  c o r r e l a t i o n  f u n c t i o n s ,  and th e  s p e c i f i c  
hea t  in  Fig .  26.
C. The Kondo reg ion  
We denote t h i s  reg io n  a Kondo re g io n  because the  f - e l e c t r o n  number 
pe r  s i t e  i s  n e a r l y  one;  al though sometimes, the  term i s  used in  a more 
r i g o r o u s  sense  r e q u i r i n g  comple te ly  quenched loc a l  moments a t  T=0.
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In t h i s  r e g i o n ,  we have found t h a t  t h e  ground s t a t e  i s  always a 
low -sp in  s t a t e .  The a n t i  f e r ro m a g n e t i c  sp in  c o r r e l a t i o n s  g iv e  r i s e  t o  t h e  
compensa tion  o f  l o c a l  f  moments. The compensa tion comes from th e  terms 
L0( c »f )+3 L j ( c , f ) and 3 L j ( f , f ) .  The f i r s t  p a r t  i s  t h e  c o n t r i b u t i o n  of  
c o n d u c t io n  e l e c t r o n s ,  w h i le  th e  second p a r t  i s  t h e  c o n t r i b u t i o n  of f 
e l e c t r o n s  a t  d i f f e r e n t  s i t e s .  We have a l s o  s tu d i e d  th e  t e m p e ra tu r e  
b e h a v io r  o f  th e  sp in  c o r r e l a t i o n  f u n c t i o n s  which compensate t h e  lo c a l  f -  
moment.
For t h e  h a l f - f i l l e d  c a s e  and th e  n=6 c a s e ,  t h e s e  two p a r t s  a r e  
a lmost  e q u a l .  However, f o r  n=7 c a s e ,  even though th e  ground s t a t e  i s  the  
low s p in  s t a t e ,  t h e r e  a r e  some r e s i d u a l  moments, accompanied by weak 
f e r r o m a g n e t i c  f - f  c o r r e l a t i o n s .
The low energy  e x c i t a t i o n s  in t h i s  re g io n  a r e  numerous as shown in 
F ig .  27,  bu t  t h e r e  a re  not  so many as in t h e  f i r s t  mixed v a len ce  r e g i o n .  
This  a g a in  has th e  immediate consequence in  the  thermodynamic q u a n t i t i e s  
of  t h e  sha rp  peak of  th e  s p e c i f i c  hea t  a t  low t e m p e r a t u r e ,  and th e  r a p id  
change o f  c o r r e l a t i o n  f u n c t i o n s  a t  low te m p e r a t u r e .  The t o t a l  magnetic  
s u s c e p t i b i l i t y  has th e  t y p i c a l  a n t i f e r r o m a g n e t i c  shape  shown in  F ig .  28,
i . e . ,  a t  h igh  t e m p e r a t u r e ,
X j 1"  T +  T o
( 4 .3 . 2 0 )
w i th  a p o s i t i v e  T0 of  t h e  o r d e r  of  the  lowes t  s i n g l e t - t r i p l e t  
s e p a r a t i o n  E^.
At low t e m p e ra t u r e  lower th a n  E j ,  t h e  f i n i t e  s i z e  e f f e c t  domina tes  the  
sy s tem ,  which has t h e  sp in  s i n g l e t  ground s t a t e .  The s u s c e p t i b i l i t y  must 
go t o  ze ro  a t  ze ro  t e m p e r a t u r e .  I t  i s  very c onv inc ing  t h a t  th e  f
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e l e c t r o n  s u s c e p t i b i l i t y  we have c a l c u l a t e d  in  t h e  l a t t i c e  Anderson model 
re sem ble s  t h e  s i n g l e  im pur i ty  r e s u l t s  we have d i s c u s s e d  in S e c t i o n  4 . 2 ,  
shown in F ig .  29.  In t h i s  r e g i o n ,  s in c e  th e  ground s t a t e  i s  a s i n g l e t ,  
Txf goes t o  ze ro  as T goes t o  z e ro .  I t  t h e n  r i s e s  to  the  f r e e  moment 
va lue  of 1/4 when T i s  o r d e r  o f  E^, which i s  the  h y b r i d i z a t i o n  
b roaden ing .  Above t h i s  en e rg y ,  t h e r e  a re  a l a rg e  number of s t a t e s  with  
d i f f e r e n t  f - c o n f i g u r a t i o n s . F i n a l l y ,  a t  high t e m p e r a t u r e ,  Txf d rops  to  
th e  f r e e  o r b i t a l  va lue  o f  1 /8 ,  where a l l  d i f f e r e n t  f - c o n f i g u r a t i o n s  a re  
th e r m a l l y  e q u i v a l e n t .
D. The second mixed-valence  r e g io n  
When t h e  f  s i n g l e  p a r t i c l e  energy  i s  d e c re ase d  f u r t h e r ,  f  l e v e l s  
a r e  d ep o p u la ted  t i l l  a l l  f l e v e l s  a r e  about empty. This  i s  where t h e  
second m ixed-va lence  r e g i o n  o c c u r s .  At t h e  boundary of  and f ( ° ) ,  
t h e  same r e a s o n in g  d e s c r ib e d  in  t h e  f i r s t  m ixed-va lence  r e g io n  a p p l i e s .  
There a r e  l a r g e  numbers of  low ly ing  s t a t e s  w ith  the  f ^ ^  and f ^  
c o n f i g u r a t i o n s .  Consequen t ly ,  th e  f  e l e c t r o n  number has a s t r o n g  
t e m p e ra t u r e  dependence a t  low tem pera tu res  shown in  F ig .  30.  The f  lo c a l  
moment in  t h e  ground s t a t e  i s  a l i g n e d ,  which g iv e s
4L0( f , f )
" f  * 1
( 4 . 3 . 2 1 )
The d e p o p u l a t i o n  o f  f e l e c t r o n s  causes  th e  change of  f  moments and t h e i r  
c o r r e l a t i o n s  w i th  t h e  ne ighbor  s i t e s  as t e m p e ra tu r e  r i s e s .  The low ly in g  
e x c i t a t i o n s  a r e  t h e  s t a t e s  w ith  n^ c lo s e  t o  1. T h e r e f o r e ,  as  t e m p e r a t u r e  
i n c r e a s e s  from z e r o ,  n f  i n c r e a s e s  r a p i d l y ;  so does t h e  lo c a l  f  moment. 
However, when t e m p e ra tu r e  i s  in c r e a s e d  f u r t h e r ,  h ig h l y  e x c i t e d  s t a t e s
w ith  some double  o ccupanc ies  become more im por tan t  in  t h e  therm al 
av e ra g e ;  hence ,  w h i le  th e  nf  keeps i n c r e a s i n g  towards one,  t h e  lo c a l  
moment s t a r t s  f a l l i n g .
E. (Almost)  no f  e l e c t r o n  r e g io n  
When th e  f  e l e c t r o n  s i n g l e  p a r t i c l e  le ve l  i s  to o  high  and becomes 
i n a c c e s s i b l e ,  a l l  e l e c t r o n s  w i l l  s t a y  in th e  co n d u c t io n  o r b i t a l s .  At 
t h i s  t im e ,  the  Ham i l ton ian  may be con v e r ted  i n t o  an e f f e c t i v e  one band 
H am i l ton ian  l i k e  t h e  Hubbard model ( w i th  a r eno rm a l ized  smal l  e f f e c t i v e
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4 .4  The L a t t ic e  Anderson Model on a Square Ring
In t h i s  c a l c u l a t i o n ,  we emphasize th e  comparison of our exac t
d i a g o n a l i z a t i o n  c a l c u l a t i o n s  f o r  a small  system with  the  Monte Car lo
c a l c u l a t i o n s  f o r  a somewhat l a r g e r  system. We want t o  examine the
l i m i t a t i o n  of  the  small c l u s t e r  c a l c u l a t i o n s .
We make th e  c a l c u l a t i o n  on th e  four  s i t e  r in g  and compare our
r e s u l t  w ith  th e  Monte Carlo c a l c u l a t i o n  on the  s i x t e e n  s i t e  r i n g ,  where
t h e r e  a r e  r e s u l t s  f o r  th e  ground s t a t e  energy and f o r  s p i n - c o r r e l a t i o n  
49f u n c t i o n s  a t  T=0. We ta ke  the  same form of th e  Hamil tonian as used in 
Ref. 49,  w ith  on s i t e  h y b r i d i z a t i o n .
H= V l - t ( d *  d„ + d t  d . ) -V(d* f„ + f*  6„ )L 1 i + l o  l o  l o  fi.+lo' v l o  l o  l o  l o  l 9o
+ e. n^ + — U n^ I f  JZo 2 9.0 l - o  '
( 4 . 4 . 1 )
where d and f  c r e a t e  (nondegenera te )  ' d 1 and ' f ' l i k e  o r b i t a l s
i t  y 0  I t  y O
on t h e  s i t e  1 w ith  s p in  o . The terms in  the  above Hamiltonian  a r e  the
same as  Eq(1 .5 )  except  t h a t  t h e  t h i r d  term d e s c r i b e s  th e  h y b r i d i z a t i o n  
o f  d and f  o r b i t a l s  on th e  same s i t e .
We have taken  the  same p a ra m e te r s ,  f o r  which th e  r e s u l t s  of  th e  
Monte Car lo  c a l c u l a t i o n  a r e  a v a i l a b l e ,  t h a t  i s ,  when t = 0 . 5 ,  V=0.375, 
e f =- - j -  U , and U i s  al lowed t o  va ry .
In F ig .  31,  we give  the  r a t i o  o f  t h e  ground s t a t e  energy  pe r  s i t e
as a f u n c t i o n  of  U t o  th e  magnitude of th e  ground s t a t e  energy  per  s i t e  
when U=0. The f i l l e d  c i r c l e s  a re  t h e  Monte Car lo  r e s u l t s  f o r  a s i x t e e n -
90
s i t e  r i n g ;  th e  t r i a n g l e s  a re  our r e s u l t s  on the  fou r  s i t e  r i n g  by e x a c t  
d i a g o n a l i z a t i o n .  We have found t h a t  th e  ground s t a t e  i s  always a 
s i n g l e t .  Our compar isons  a re  p r e s e n te d  g r a p h i c a l l y  because  on ly  g r a p h i c  
d a t a  a r e  a v a i l a b l e  in  Ref.  49. But th e  good agreement between th e  two 
a pproaches  i s  obv ious .
In F ig .  32,  we show th e  magnetic  sp in  c o r r e l a t i o n s  a long th e  r i n g  
f o r  p a r a m e te r s  U=0.5,  t = 0 . 5 ,  and V=0.375. Although small  d i f f e r e n c e s  a r e  
n o t i c e a b l e  on th e  s c a l e  of t h e  g rap h ,  from a q u a l i t a t i v e  p o in t  o f  view, 
t h e  agreement can be c o n s id e re d  e x c e l l e n t .  We no te  t h a t  the  lo c a l  f 
moments e x i s t  in  t h e  ground s t a t e  which a re  p a r t l y  compensated by 
o p p o s i t e  s p i n  p o l a r i z a t i o n  o f  d e l e c t r o n s  on th e  same s i t e .  The ground 
s t a t e  a l s o  shows a n t i f e r r o m a g n e t i c  c o r r e l a t i o n s  between f moments on 
d i f f e r e n t  s i t e s .  These p i c t u r e s  f o r  the  l a t t i c e  Anderson model a r e  
c o m p le t e ly  c o n s i s t e n t  with  our  c a l c u l a t i o n s  f o r  d i f f e r e n t  g e o m e t r ie s  
d e s c r i b e d  in t h e  p r e v io u s  s e c t i o n .
In c o n c l u s i o n ,  we have dem ons t ra ted  the  agreement between the  f o u r -  
and s i x t e e n - s i t e  c a l c u l a t i o n s  by d i f f e r e n t  methods in  a p a r t i c u l a r  
symmetric l a t t i c e  Anderson model c a s e .  We b e l i e v e  t h a t  t h e s e  r e s u l t s  
shou ld  f u r n i s h  some co n f id e n ce  t h a t  r e s u l t s  o b ta in e d  f o r  small  sys tems 
may be q u a l i t a t i v e l y  v a l i d  f o r  l a r g e r  ones .  However, t h e  range  o f  
p a r a m e te r s  c o n s id e r e d  in the  Monte Car lo  c a l c u l a t i o n  co r re s p o n d s  t o  a 
f a i r l y  s t r o n g  h y b r i d i z a t i o n ,  weak to  moderate i n t e r a c t i o n  s e c t o r  o f  th e  
model .  We b e l i e v e  t h a t  f i n i t e  s i z e  e f f e c t s  may be more n o t i c e a b l e  in  t h e  
w e a k - h y b r i d i z a t i o n - s t r o n g - i n t e r a c t i o n  s e c t o r  and in  t h e  non-symmetr ic  
s e c t o r  o f  t h e  model.  These e f f e c t s  w i l l  be of  i n t e r e s t  in  many 
a p p l i c a t i o n s  t o  r a r e - e a r t h  sys tems .
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4 .5  Summary
We have s tu d i e d  t h e  im pur i ty  Anderson model on th e  l i n e a r  c h a i n ,  
and we have found genera l  agreement of  c l u s t e r  c a l c u l a t i o n  w i th  th e  
e x i s t i n g  r e n o r m a l i z a t i o n  group c a l c u l a t i o n .  Our c a l c u l a t i o n s  o f  th e  
l a t t i c e  Anderson model r e v e a l  f i v e  d i f f e r e n t  va lence  r e g io n s  in  the  
model.  We have c l a s s i f i e d  t h e  r e g io n s  accord ing  t o  th e  r e l a t i o n s  between 
th e  p a ram e te r s  in  t h e  model. These r eg io n s  a r e :  t h e  maximal f  oc c u p a t io n  
r e g i o n ,  t h e  f i r s t  mixed va lence  r e g io n ,  the  Kondo r e g i o n ,  t h e  second 
mixed r e g i o n ,  and th e  reg io n  almost  w i thou t  f  e l e c t r o n s .
We have compared our  c a l c u l a t i o n s  f o r  small systems w i th  r e s u l t s  by 
t h e  Monte Car lo  method on the  l a r g e r  system in t h e  l i n e a r  c h a in  c a s e .  In 
th e  a v a i l a b l e  param ete r  r ange ,  we have found e x c e l l e n t  agreement between 
two app ro ac h es .  T h e re fo re ,  we have th e  conf idence  t h a t  th e  e x a c t  many- 
body c a l c u l a t i o n  f o r  t h e  small systems can r e v e a l  th e  p h y s ic s  of  th e  
bulk m a t e r i a l .  We then  draw our  conc lus ion  t h a t  t h e  c l u s t e r  ex a c t  
d i a g o n a l i z a t i o n  approach i s  very  f r u i t f u l  and s u c c e s s fu l  in  t h e  s tudy  of  
many-body H am i l ton ians .
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TABLE 8 .  GROUND STATE ENERGY AND AVERAGE NUMBER OF f  ELECTRONS 
PER SITE (n f ) FOR FOUR THROUGH NINE ELECTRON SYSTEMS.
E ^  i s  th e  s i n g l e  p a r t i c l e  e s t im a t e  from E q ( 4 .3 .1 7 ) .
E ^  i s  th e  e x a c t  v a lu e .  Param eters: U=5, t = l ,  V = 0 .1 ,  e f = - 8 .0  
AN ASTERISK INDICATES A HIGH-SPIN GROUND STATE
_____________n=4_______n^5_________ n^6________n^7________ n=8________ n=9
-32 .019  -35 .025  -38 .030  -41 .034  -44 .038  -45 .037
E ^  -32 .023  -35.032* -38 .041*  -4 1 .0 5 0  -44 .060  -45 .055
nf  0.9997 1.2485 1.4974 1.7462 1.9951 1.9957
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TABLE 9 .  GROUND STATE ENERGY AND AVERAGE NUMBER OF f  ELECTRONS 
PER SITE FOR FIVE THROUGH NINE ELECTRON SYSTEMS:
E ^  i s  th e  s i n g l e  p a r t i c l e  e s t im a t e  from Eq( 4 . 3 . 1 7 ) .
E ^  i s  th e  e x a c t  v a lu e .  Param eters: U=5, t = l ,  V =0.1 , e f = - 6 .0  
THE VALUE OF e f  IS ROUGHLY THE CENTER OF 
THE FIRST MIXED-VALENCE REGION
____________ n=5_______n--~6________n=7________ q=8________n-9
E^1) -25.033 -26.041 -27 .048 -28 .055  -29 .053
e (2) -25 .156  -26 .297 -27.415  -28 .505  -45 .453
nf 1.1218 1.2442 1.3775 1.5408 1.5441
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FLOW CHART FOR FINDING OUT WHICH AND HOW MANY TIMES 
AN IRREDUCIBLE REPRESENTATION OCCURS IN A CERTAIN SPACE
G enera te  b a s i s  s t a t e s  w i th  f i x e d
For each c l a s s  of  th e  symmetry group 
choose  a member c^ and f in d
i t s  c h a r a c t e r  x ( c i )
101
FIGURE 2 .
F10W CHART FOR FINDING SYMMETRIZED BASIS
For q**1 i r r e d u c i b l e  r e p r e s e n t a t i o n
1t
G enera te  b a s i s  fn .s  o f  th e  space
1. Use p r o j e c t i o n  o p e r a t o r  t o  
g e t  a l l  t h e  l i n e a r  independen t  f n . s  
t r a n s f o r m i n g  ac c o rd in g  to
2. O rthono rm al ize  them by Gram-Schimdt 
and l e t  them to  be |q l>
3. Let |qi>= |ql=
102




N o rm a l i s a t io n i + l >
NORMALIZATION
Input  (N+l) b a s i s  s t a t e s  
The f i r s t  n s t a t e s  a r e  or thonorm al
This  i s  done by c a l l i n g  
adding s u b r o u t in e  
c i s  o b ta in e d  by c a l l i n g  
s c a l a r  p roduc t  s u b r o u t in e
sum>=IN+l >-c  IT
FIGURE 4 .
PHASE DIAGRAM OF FROM PENN'S PAPER 
THE REGION OF PHASE SPACE IN WHICH EACH STATE IS 
STABLE IS INDICATED 
SOLID LINES INDICATE SECOND-ORDER PHASE TRANSFORMATIONS 





y ( n / N )
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FIGURE 5.
THE PICTURE OF THE EIGHT-SITE SIMPLE CUBIC CLUSTER
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FIGURE 6.
THE DENSITY OF STATES OF THE TIGHT BINDING BAND 
























FIGURE 7A. GROUND STATE SPIN CORRELATION FUNCTIONS 
AS FUNCITON OF z= t/U f o r  n=7.
Local moment i s  s o l i d  l i n e ,  l e f t - h a n d  s c a l e ;  
o t h e r s  r i g h t - h a n d  s c a l e  
f i r s t  n e ig h b o r ,  s o l i d  l i n e  
second ,  d o t s ;  t h i r d ,  dashes
0.2
0.0 6






















FIGURE 7B. GROUND STATE SPIN CORRELATION FUNCTIONS 
AS FUNCITON OF z ,  f o r  n=6.
Curves a re  drawn a s  in  F ig .  7A
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FIGURE 8 .  GROUND STATE SPIN CORRELATION FUNCTIONS 
FOR HALF FILLED BAND AS FUNCTION OF z = t /U .  








FIGURE 9 .  GROUND STATE CHARGE CORRELATION FUNCTION 







FIGURE 10. ENERGY SPECTRA FOR U /t=10  FOR n = 8 ( l e f t )  and n=7 ( r i g h t )
STATES ARE CLASSIFIED BY SPIN 
SPATIAL DEGENERACIES ARE NOT SHOWN
S = 4  S = 3  5  = 2  S= I S  = 0  S = 7/ 2 S=5/2 S = 3/2 S = '/2
I l l
FIGURE 11 . RECIPROCAL MAGNETIC SUSCEPTIBILITY 
AS A FUNCTION OF TEMPERATURE IN UNITS OF U 
FOR THE HALF-FILLED BAND IN THE CASE U /t=5  
SOLID CURVE, RESULTS FOR EXPLICTI DIAGONLIZATION 
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FIGURE 12 . SPECIFIC HEAT FOR THE HALF-FILLED BAND WITH U /t=10  
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FIGURE 13. LOCAL MOMENT Ln AS FUNCTION OF TEMPERATURE 
FOR THE HALF-FILLED BAND AND U/t=5 
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FIGURE 14. TEMPERATURE DEPENENCE OF THE MAGNETIC SUSCEPTIBILITY
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15. TEMPERATURE DEPENDENCE OF THE MAGNETIC SUSCEPTIBILITY 








FIGURE 16. TEMPERATURE DEPENDENCE OF THE SPECIFIC HEAT
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FIGURE 17. SPIN CORRELATION FUNCTIONS FOR n=7 and U/t=4 
CURVES ARE DRAWN AS IN FIG.7A 





























FIGURE 18. TEMPERATURE DEPENDENCE OF SPIN CORRELATION FUNCTIONS





0.4 0.8 1.2 1.6 2.0
T /  U
119
FIGURE 19.
THE PICTURE OF BCC CLUSTER
120
FIGURE 20.
THE DENSITY OF STATES FOR 
TIGHT BINDING BCC LATTICE
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FIGURE 21 .
THE OCCUPATION OF NINE ELECTRONS 
IN THE SINGLE PARTICLE LEVELS OF THE BCC CLUSTER
r x (1) _____________________  E(2)
r41 (3) _____________________  z
(3) _______ + + -H+________  - z
r 2 , (1) _______ +i____________  -3z
r1 (1) ♦♦____________  E(1)
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FIGURE 2 2 .
THE IMPURITY SUSCEPTIBILITY FOR A LINEAR CHAIN OR RING 
DEPENDING ON THE BOUNDARY CONDITION 
DOTS ARE THE UNIVERSAL CURVE FROM 
RENORMALIZATION GROUP CALCUALTION 
SOLID LINE, SEVEN SITE CHAIN 
DASH LINE, FIVE SITE CHAIN 
BOTH WITH PERIODIC BOUNARY CONDITION 
BROKEN LINE, ISOLATED FIVE SITE CHAIN 
PARAMETERS: U=2, V=1 .5 8 ,  ed= - 1 .0
NOTE: AT HIGH TEMPERATURE, THE CURVES FROM CLUSTER CALCULATIONS STOP 






RELATIVE ENERGY LEVELS OF DIFFERENT 
CONFIGURATIONS OF THE IMPURITY ORBITAL
FOR ed< 0 , | e d | < U
n cj = 2-
ie-Jl
| f  > o r  n  >
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FIGURE 24.
SCHEMATIC DRAWING INDICATING f-CONFIGURATON 
AND THE GROUND-STATE ENERGY PER SITE 





FIGURE 25. THE AVERAGE NUMBER OF f  ELECTRON PER SITE, nf  
IN THE GROUND STATE AS A FUNCTION OF ( Ef+ U ) / | t | .  
PARAMETERS: n=8, U=5, V=0.1 
SOLID CURVE, t = l ;  DASHED CURVE, t = - l  
LONG DASHED CURVE, V =l, t = - l
-10
( e f + U ) / 1 1 1
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FIGURE 26A. THE TEMPERATURE DEPENDENCE OF nf  IN THE FIRST
MIXED REGION FOR PARAMETERS: n=8, t = l ,  U=5, V =0.1, ef =-6
I . I
k e T / t
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FIGURE 268. THE TEMPERATURE DEPENDENCE OF THE SPECIFIC HEAT
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FIGURE 26C. THE TEMPERATURE DEPENDENCE OF f  LOCAL MOMENT
FOR THE SAME PARAMETERS IN FIG. 26A
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0 . 1 6
k BT / t
129
FIGURE 27. EXCITATION SPECTRUM IN THE KONDO REGION.
THE LEFT LADDER AND SCALE SHOW THE LOW LYING MANIFOLD 
THE RIGHT LADDER AND SCALE REFER TO THE GOUND MANIFOLD 
PARAMETERS: r>=8, t = l ,  U=5, V=0.1, C£= -3 .0  














FIGURE 28. THE TEMPERATURE DEPENDENCE OF THE TOTAL MAGNETIC 
SUSCEPTIBILITY IN THE KONOO REGION. THE DASHED LINE IS OBTAINED 
BY LEAST SQUARE FIT TO THE HIGH TEMPERATURE PORTION,
WHICH INDICATES A FERROMAGNETIC CURIE-WEISS LAW. 
PARAMETERS ARE THE SAME AS IN FIG.27
0-25 r
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FIGURE 29.
THE EFFECTIVE f  ELECTRON MOMENT IS SHOWN AS A FUNCTION 
OF THE LOGARITHM OF THE TEMPERATURE. 
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FIGURE 30. TEMPERATURE DEPENDENCE OF nf  IN 
THE SECOND MIXED-VALENCE REGION 













FIGURE 31. THE GROUND STATE ENERGY RATIO En (U)/ |En ( 0 ) |  VS U
FOR t = 0 . 5 v=0.375 
THE FILLED CIRCLES ARE THE RESULTS OF GROUND-STATE MONTE CARLO 
METHOD FOR SIXTEEN SITE. THE TRIANGLE ARE OUR RESULTS FOR A 







FIGURE 32. THE SPIN CORRELAITON FUNCTION FOR U/V=4/3.
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C GENERAL CLUSTER CALCULATION FOR THE HUBBARD MODEL 
C
c  ----------------------------
C ........................ ............................................................ .........................................
C -----------------------------------------------------------------------------------------------------------
C NSITE=# OF SITES; NTL=# OF TOTAL ELECTRONS
C NPRTL=TOTAL NUMBER OF NEAREST NEIGHBOR PAIRS
C PARAMETERS IN THE MODEL: THOP(IS Z),EO,U AND V
c EIGENENERGIES ARE STORED IN EN ARRAY
c NOTE: SPH2(NT IRANMX) , SCFT( NT, IRANMX, NCORTL) =SCFXYT
c NCORTL NUMBER OF PAIR S-SPF IS CALCULATED
c NPRS SPIN-C-FN. PAIRS
c NTI NUMBER OF TEMPERATURES WITH INTERVAL DTI
c SPH SPECIFIC HEAT
c SUSCO ZERO-FIELD MAGNETIC SUSCEPBILITY
c SUSCM F-ELECTRON MAGNITIC SUSCEPBILITY
c FOCTT F-ELECTRON LOCAL MOMENT
c NTMAX MAX # POINTS OF TEMPERATURE
c IRANMX MAX # OF POSSIBLE PARTITIONS OF NTL INTO
c NUP.NDN (WITH NUP.GE.NDN)
c NORB NUMBER OF ORBITALS
c NSTATE THE # OF ELEMENTS IN THE SYMMETRY GROUP































DIMENSION JV(NDIMX,NCORMX),MIJKL(6 , NCORMX), JVO(NDIMX,NPRMX) 
DIMENSION CORRSl(NDIMX,NCORMX),CORRSO(NDIMX.NPRMX)
DIMENSION CORRTKNTMAX,NCORMX,IRANMX),C0RRT2(NTMAX,NCORMX,IRANMX) 
DIMENSION CORRT3(NTMAX, NCORMX, IRANMX), C0RRT4(NTMAX, NCORMX, IRANMX) 
DIMENSION CORRTP(NTMAX,NCORMX,IRANMX)
DIMENSION ECU(3 0 ) ,VCO(30),VPPI(30)
CHARACTER*80 $
COMMON /Y/ZDUM, HWV, ENUPS, ENDNS, CORRS, CORRS1 , HV, IROW 
CALL ERRSET(208,0 , - 1 , 0 , 1 , 1 )
DEFINE SYSTEM 
NORB=NSITE
9225 WRITE(6,1 )  NSITE
1 FORMAT(IX, 1 4 , 1 SITE CLUSTER CALCULATION’ )
READ(5,*)NPRTL
C NPRTL=TOTAL NUMBER OF ALLOWED HOPPING PAIRS
DO 610 1=1,NPRTL 
610 READ( 5 , * )N P R (1 , I ) ,N P R (2 , I )
WRITEC 6 , 3)NPRTL
3 FORMAT(IX,'LIST OF ALLOWED HOPPING PAIRS, TOTALS',14) 
W R IT E (6 ,2 ) (N P R (1 , I ) ,N P R (2 , I) , I= 1 ,N P R T L )
2 FORMAT(2I5)
READ(5,*)NCORTL
C NCORTL = NUMBER OF PAIRS FOR WHICH S-C-F IS CALCULATED
DO 620 1=1,NCORTL 
620 READ(5, * )  NCOR(1 , 1 ) ,N C 0 R (2 ,I)
C F-F  AND F-D CORRELATIONS TO BE CALCULATED
WRITEC6,4)NCORTL
4 FORMAT(IX,'LIST OF PAIRS IN CORRELATION CALCULATION, TO TA L ',14) 
WRITE(6, 2 ) (NCOR(1 , I) ,N C O R (2 , I ) ,1 = 1 ,NCORTL)
READ(5 ,*)V ,Z
READ( 5 ,*)NECU
READ(5, * ) (E C U (I) , 1 = 1 ,NECU)
READ(5 ,* )N V







READ(5, * )  NSUPER 
NS5=NSUPER/6 
NS53=4*NS5 
DO 210 1 = 1 ,NSUPER
210 READ(5, * )  M IJ K L ( 1 , I )  ,M IJK L(2 , I ) ,M IJ K L ( 3 , I ) ,M IJ K L (4 , I ) ,M IJK L (5 , I ) 






DO 630 1=3 ,MT1 
K=K+1
630 TEM(K)=TEM(K-1)+DT1
IF (M T 2 .L T . l )  GOTO 1991 
DO 1990 1 =1 ,MT2 
K=K+1
1990 TEM(K)=TEM(K-1)+DT2
1991 IF (M T3. L T .1 )  GOTO 1992 










DO 310 IV=1,NV 
UD=VCO(IV)
US=UD









804 FORMATfIX,’ MODEL PARAMETERS V,Z,US,UD,ED,NTL,NT='
1 /1X ,5E 15 .5 ,2 1 5 )














CALL CONFGB(NDN, NSITE, JDN,NSDNBS)
CALL ISORT(NSUPBS.JUP)
CALL ISORT(NSDNBS, JDN)














WRITE(1 6 ,103)NUP,JUP.NDN, JDN,NDIM
103 FORMAT(IX, 'NUP,JUP.NDN,JDN,NDIM=',519)
: FIND THE OFF-DIAG MATRIX
CALL HUP(NSUP,JUP, NUP, NSITE, LSTMX, NPR, NPRTL, HIJUP, V)
CALL HUP(NSDN, JDN,NDN,NSITE, LSTMX, NPR, NPRTL,HIJDN, V)
IF  (NSUPER.NE.O) THEN
CALL C0RR2( JVO, NSUP, NSDN, NCOR, NCORTL, NCORMX, NTL,
1NDIMX,LSTMX,NSITE,JUP,JDN)
CALL CIJKL(NSUP,NSDN, NSUPBS.NSDNBS, JUP,JDN, NSITE, LSTMX,
1 NDIMX,NDIM,MIJKL,NSUPER,JV)




FIND THE DIAGONAL PART OF H-MATRIX 
IA=0 
K=0
DO 334 IAU=1, JUP 












DO 82 IP=1,NPRTL 
I=NPR(1 , IP )






C PRINT OUT THE BASIS STATES 
C




K = ( ( 2 * N D IM - IA + 2 ) * ( IA - l ) ) / 2 + l
HWV(K)=HIAB
IB=0
DO 333 IBU=1,JUP 
DO 333 IBD=1,JDN 
IB=IB+1






C IJ U P = (( IB U - l) * IB U ) /2 + IA U
IJ U P = C (IU - l ) * IU ) /2 + J U  
8 FORMAT(IX, 1IAU, IBU, IJ U P ,ID ,JD ,IA B = 1,915)
IJ D N = ( ( ID -1)* ID ) /2 + JD  
C K = ( ( 2 * N D IM - IA + 2 ) * ( IA - l ) ) /2 + IB - IA + l
HWV(K)=HIJUP(IJUP)*DFLOAT(JD/ID)+HIJDN(IJDN)*DFLOAT(JU/IU)
IF (  IH .N E . l  ) GOTO 333








IF (  IH .N E . l  ) GOTO 334 
ICOL(IA)=NZSL
334 CONTINUE
1033 FORMAT(IX,1 5 ,8 1 4 ,2X,9 1 4 ,3 X ,3 I4 )
C----------------------------------- ------------------------------------------- ----------- -----------------------------------
WRITE(8,50) NZS,NDIH,NZL,MATOLD
141
WRITE(8,5 0 )  ( IC O L(K ),  K=1,NZL)
WRITE(8,50 ) ( IROW(K), K=1,NZS)
50 FORMAT(20I6)
WRITE(8,60 ) (H IJU D (K ), K=1,NDIM)
WRITE(8,6Q) (H V (K ) , K=1,NZS)
60 FORMAT(6E20.12)




400 CALL DSLEV(1,HWV,EN,ZDUM,NDIMX,NDIM,WK,NDIMX2) 
W R IT E ( l l )  NDIM.NDIM 
W R IT E ( l l )  EN(1 ) ,EN(1)
W R IT E ( l l )  ( ZDUM(I, 1 ) , 1 = 1 ,NDIM) 
C================================================^==
C......................................................................................................................
C DO 7839 1=1,MNTC
C7839 WRITE(6,7837) (H W (I , J ) , J=1,MNTC)
7837 FORMATC7E15.7)
C J I  = 1
C DO 839 1=1,NDIM 
C J F = J I+ I -1  
C WRITE(6 ,7837 ) ENW(I)
C WRITE(6 ,7837 ) ( ZDUM(I, 1 ) , 1 = 1 ,NDIM)
C WRITEC6,7837) ( H W V (J ) ,J= J I,JF )
C839 JI=JF+1 
C DO 839 1=1,MNTC,6
C 14=1+5
C IFCI4.GT.MNTC) I4=MNTC 
C WRITE( 6 , 1 0 5 ) 1 , ( E N W (K I) ,K I= I , I4 )
C839 CONTINUE
C.......................................................................................................... ............
C QUANTUM EXPECTATION OF ALL QUANTITIES ............
c    ................................................................
9876 DO 7830 JQ=1,NDIM
c   -------------
DO 235 J=1,NSUPER 
235 HWV(J)=0. 0D0
DO 240 J=1,NCORTL 
W K(J)=0. 0D0 
DO 240 K=1,4 
240 SPINZ(J,K)=0.0D0 
DO 245 J=1,NSITE 
ENUP(J)=0. ODO 
245 ENDN(J)=0. ODO 
IA=0
DO 250 MA=1,JUP 
DO 250 MB=1, JDN 
IA=IA+1 
X=ZDUM(IA, JQ)
X Y = X * X
142








SPIN Z(IPR ,2 )=SP IN Z(IPR , 2)+DFL0AT(NSUDDU)*XY 
SPINZ(IPR, 3 )=SPINZ(IPR , 3)+DFL0AT(NSDU)*XY 
SPINZ(IPR,4)=SPINZ(IPR,4)+DFL0AT(NSDD)*XY 
J=JV0( I A , IPR)
IF (J .N E .O )  THEN
SN=1. ODO




WK( IPR) =WK( IPR) +SN*ZDUM( J , JQ) *ZDUM( I A , JQ)
END IF
220 CONTINUE
DO 221 IPR=1, NSUPER 
J = J V ( IA , IP R )
IF (J .N E .O )  THEN
SN=1. ODO











230 ENDN( J ) =ENDN( J ) +DFLOAT( N SDD) *XY 
250 CONTINUE





IJ=6*C IP R -1)+1
IJ 1 = IJ + 1
IJ 2 = IJ + 2
IJ 3 = IJ + 3
IJ 4 = IJ + 4
IJ 5 = IJ + 5





C0RRS1( JQ, IJ P )  =HWV(IJ)+HWV(IJ1)+HWV(IJ2)+HWV(IJ3)
C0RRS1( JQ, IJP1)=H W V(IJ)-H W V(IJ l)-H W V(IJ2)+HW V(IJ3)
CORRSl(JQ, IJP2)=HWV(IJ4)
261 CORRSl(JQ,IJP3)=HWV(IJ5)














6601 FORMAT(IX,'THE EIGENENERGIES ARE: EMIN=' ,E 20 . 1 0 , '  D -E M IN = ', I9 )  
WRITEC1 6 ,108 )(E N (K I) ,K I= 1 ,N D IM )
DO 7790 1=1 ,NDIM,6 
14=1+5
IF ( I4 .G T .N D IM ) I4=NDIM 
105 FORMATCI5,15E20.9)
108 FORMATC6E20.12)
IF C I4 .L T .100) THEN 
W R IT E C 6 ,10 5 ) I ,C E N C K I) ,K I= I , I4 )
END IF  
7790 CONTINUE
C - - -  FINISH OUTPUT EIGENENERGIES.. ................................................
WRITEC 6 ,7791 )
7791 FORMATCIX,'THE FIRST 5 STATE EXPECTATION VALUES ARE'/1X, 
l 'U P -U P ; UP-DN; DN-UP; DN-DN FOR EACH P A IR ' / IX ,
5 'UP-EL DN-EL FOR EACH S IT E ')
N5=2
IFCN5.GT.NDIM) N5=NDIM 
DO 3040 K=1,N5 
3022 FORMATC1X,I5,A5,4E20.12,20C/11X,4E20.12))
C3022 FORMATC1X,I5,A5,9E13.5)
$ = ' UU+DD'
WRITEC6 , 3022)K,§,CCORRSCK,J,1),J=1,NCORTL)
$='UD+DU'








WRITE(6 , 3 022 )K ,$ , (ENDNS(K,J), J = 1 , NSITE)
$='S-SO '
WRITEC 6 ,3022 )J K , $ , (CORRSO(K,J),J = 1 , NCORTL)
$= ’ SUPER’
WRITEC6,3022)K,$,CCORRS1(K,J),J=1,NS53)





3041 CCFCJ)=CORRS(K,J , 1 )+CORRS(K,J , 2 ) -ENDNSCK, I1)*ENDNS(K,12) 
$= ’ SCF ’
WRITEC6,3022)K,?,CSCFCJ), J=1.NCORTL)
$= ’ CCF ’
WRITEC6,3022) K,$,(CCFCJ),J=1,NCORTL)
3040 CONTINUE
C BEGINNING OF THERMAL QUANTITIES ..........................
AM=0.5D0*DFLOAT(NUP-NDN)
L=NDN/NUP 
L = l+ l / ( 1 + L )
Xl=DFLOAT(L)









DO 902 IPR=1.NSITE 
ENUPCIPR)=0. ODO
902 ENDN(IPR)=0. ODO 
DO 95 J=1,NDIM 
BEJ=CENCJ)-EMIN)/T 








9902 SPINZCIPR,K)=SPINZ(IPR,K)+CORRS(J, IPR,K)*EBEJ 










C0RRT1(I, IPR, IRAN)=X1*SPINZ(IPR,1 )
C0RRT2(I, IPR , IRAN)=X1*SPINZ(IPR,2 )
CORRT3(I, IPR , IRAN)=X1*SPINZ(IPR,3 )
CORRT4(I, IPR , IRAN)=X1*SPINZ(IPR,4 )
9501 CORRTP(I, IPR , IRAN)=X1*WK(IPR)







DO 299 IRAN=1, IRANM 






WRITE(16 , * )  EMIN 
WRITE(6,112)
WRITE(3 ,112)
112 FORMAT(IX, 1 T, CV, X (B =0), SUPER-ORDER FOR EACH PAIR FOLLOWS')
113 FORMAT(IX, '  E-GROUND-STATE’ )
WRITE(26,1132)
1132 FORMATCIX, 'T,UP-UP,UP-DN.DN-UP,DN-DN,N-N' )
DO 305 1=1 ,NT 
T=TEM(I)
DO 302 IRAN=1,IRANM 
IF(IRAN.EQ.NMIN)GO TO 302 
ARG=(EL(IRAN)-EMIN)/T 
IF(ARG.GE.6 5 .DO)GO TO 302 
ARG=DEXP(-ARG)
ZF0(I,N M IN )=ZF0(I,N M IN )+ZF0( I , IRAN)*ARG 




CORRT1 ( I , IPR, NMIN) =CORRT1 ( I , IP R , NMIN) +CORRT1 ( I , IPR , IRAN) *ARG 
C0RRT2(I, IPR,NMIN)=CORRT2(I, IPR,NMIN)+CORRT2(I, IP R , IRAN)*ARG 
CORRT3( I , IPR, NMIN) =CORRT3( I , IPR , NMIN) +CORRT3( I , IPR , IRAN) *ARG 
C0RRT4CI, IPR,NMIN)=C0RRT4(I, IPR,NMIN)+CORRT4(I, IP R , IRAN)*ARG 
3 0 21 CORRTP( I , IPR, NMIN) =CORRTP( I , IPR , NMIN) +C0RRTP( I , IP R , IRAN) *ARG 
DO 3025 IPR=1, NSITE
ENUPT(I, IPR,NMIN)=ENUPT(I, IPR,NMIN)+ENUPT(I, IPR,IRAN)*ARG 
3025 ENDNTCI, IPR , NMIN) =ENDNT(I, IPR , NMIN) +ENDNTCI, IPR, IRAN) *ARG
302 CONTINUE
SUSC0=DSUS0(I,NMIN)/(T*ZF0(I,NMIN))




DO 3024 IPR=1, NSITE
ENUPT(I, IPR,NMIN)=ENUPT(I, IP R ,N M IN )/ZF0(I,N M IN )
3024 ENDNT(I, IPR,NMIN)=ENDNT(I, IPR,NM IN)/ZFO(I,NM IN)
DO 3023 IPR=1,NCORTL 
Il=NCOR(1 , IPR)
I2=NCOR(2 , IPR)
CORRTKI, IPR,NMIN)=C0RRT1(I, IP R ,N M IN )/ZF0(I,N M IN )
C0RRT2(I, IPR,NMIN)=C0RRT2(I, IP R ,N M IN )/ZF0(I,N M IN )
CORRT3(I, IPR,NMIN)=CORRT3(I,IPR,NMIN)/ZF0(I,NMIN)
C0RRT4(I, IPR,NMIN)=C0RRT4(I, IPR ,NM IN)/ZF0( I,NM IN)
X=C0RRT1( I , IPR,NHIN)+CORRT2(I, IPR.NMIN) 
CCF(IPR)=X-ENDNT(I,I1 ,NM IN)*ENDNT(I, 1 2 ,NMIN)
SCF(IPR)=0. 25DO*(CORRT1(I, IPR,NMIN)-CORRT2(I, IPR,NMIN)) 
3023 CORRTP(I, IPR,NMIN)=CORRTP(I,IPR,NMIN)/ZFO(I,NMIN)
WRITE(6, 1 16)T,SPH.SUSCO, (CORRTP(I, JPR,NMIN),JPR=1, NCORTL) 
WRITE(3 , 1 16)T,SPH, SUSCO, (CORRTPCI, JPR,NMIN),JPR=1, NCORTL) 
116 FORMATCIX,10E13.5/14X,9E13.5)
WRITE(6 ,6  6 1 ) C CORRT1C I , JPR, NMIN) , JPR=1 ,NCORTL)
WRITEC6,6 6 2 )CCORRT2CI, JPR.NMIN), JPR=1, NCORTL) 
WRITEC6,663)CCORRT3CI,JPR,NMIN),JPR=1.NCORTL)
WRITE(6 ,6 6 4 ) CCORRT4CI,JPR,NMIN),JPR=1, NCORTL)




WRITEC 2 6 ,6 6 6 )CCORRT2CI, JPR,NMIN), JPR=1.NCORTL) 
WRITEC26,666)CCORRT3CI.JPR.NMIN),JPR=1.NCORTL)
WRITEC2 6 ,6 6 6 )CCORRT4CI,JPR.NMIN),JPR=1.NCORTL) 
WRITEC26,666)CCCFCJPR),JPR=1,NCORTL)
WRITEC2 6 ,6 6 6 )CSCFCJPR),JPR=1,NCORTL)
WRITEC6 ,6 6 6 ) CENUPTfI,JPR.NMIN),JPR=1, NSITE)
661 FORMATCIX,’ U P -U P '.8X .9E 13 .5)




666 FORMATC14X, 9E13.5 )
667 FORMATCIX,10E13.5/14X.9E13.5)








SUBROUTINE SIGN(SGN, NTL, NVR, M1 ,M 2,I V , LSTMX, NSITE)






IF(MA-MB.NE.l)GO TO 1 
RETURN
1 IF(MA-MB.GT.2)G0 TO 2 
MC=MB+1





DO 3 IX=MD ,MC





SUBROUTINE FUD(L, LU, LD, JDN)
LD=MOD(L,JDN)






C LOCATE FINDS THE INDEX FOR WHICH IMAT(LOCATE)=IVAL.
C LOCATE IS ASSIGN1ED ZERO IF  IMAT DOES NOT CONTAIN IVAL.
C NOTE: IMAT ENTRIES MUST BE IN INCREASING ORDER.






IF(LOCATE.EQ.MID)GO TO 40 
MID=LOCATE
IF(IM AT(LOCATE)-IVAL)20 ,50 ,30  
20 MIN=LOCATE 
GO TO 10 
30 MAX=LOCATE 




C ------------ ------------------------------------ --------- - .....................................................








c    --------------------------------------
SUBROUTINE C0RR2(JV,NSUP,NSDN,NPR, NPRTL,NPRMX,NTL, 
1NDIMX,LSTMX,NSITE,JUP,JDN)
IMPLICIT REAL*8(A -H ,0-Z)
DIMENSION NSUP(LSTMX.l),NSDN(LSTMX,1 )
DIMENSION JV(NDIMX, 1 ) ,NVUP(1 0 0 ) ,NVDN(100)
DIMENSION NPR(2,NPRMX)
NDIM=JUP*JDN 
DO 10 MX=1, NDIM 
DO 10 J=1,NPRMX 
10 JV(MX, J)=0
DO 100 IPR=1, NPRTL 
NA=NPR{1 , IPR)
NB=NPR(2, IPR)
IF(NA.EQ.NB) GOTO 100 
K=0
DO 55 MA=1, JUP 







IF(NX.NE.l)G O  TO 55 











S 1 = 0 . 0
S2=0.0
DO 53 MC=1, JUP 
DO 53 MD=1, JDN 
L=L+1 
NS=0










54 CALL SIGN(S1, NUP,NSUP,NA,NB,MA,LSTMX, NSITE) 
CALL SIGN(S2,NDN, NSDN,NA,NB, MB,LSTMX, NSITE) 
SN=S1*S2
IF (S N . L T . 0 . 0 ) J = -J  









DO 5 1=1 ,NPRTL
IF (N P R (1 , I ) .G T .N P R (2 , 1 ) )  THEN 
WRITEC6 ,1 )  NPR(1 ,1 )  ,NPR(2 , 1 )
1 FORMAT(2 1 5 , 'THIS PAIR VIOLATE THE RULE 1ST SITE # .LT. 2ND')
STOP 
END IF  
5 CONTINUE
JUP2=(JUP*(JUP+1) ) / 2  
DO 50 1=1 ,JUP2 
50 H( I ) = 0 . ODO
IF (J U P .E Q . l )  RETURN 
DO 200 11=2,JUP 
1 1 1 = 1 1 - 1  
DO 100 12=1,111 











DO 20 ME=1,NSITE 
MX=MX+1
IF(MUS1. NE. 0)GO TO 15 
IF(NDIFCME).NE. 0)MUS1=MX 
GO TO 20 











DO 30 MF=1,NPRTL 
IX=NPR(1,MF)-MUS1 
IY=NPR(2 , MF)-MUS2 
I F ( I X . NE. 0 )GO TO 30 




IF (IP R U . NE. l)GO TO 100







SUBROUTINE HUP9(NSUP,JUP,NUP,NSITE,LSTMX,NPR, NPRTL,H,V,Z) 
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION NSUP(LSTMX, N S IT E ),H (1 ) ,NPR(2, 1)
DIMENSION NDIF(IOO)
JU P2=(JU P*(JU P+ l)) /2  
DO 50 1=1,JUP2 
50 H ( I ) = 0 . ODO
IF (JU P .E Q . l)  GOTO 500 
DO 200 11=2,JUP 
1 1 1 = 1 1 - 1  
DO 100 12=1,111 

































GO TO 20 











DO 30 MF=1,NPRTL 
IX=NPR(1,MF)-MUS1 
IY=NPR(2 jMF)-MUS2 
IF(IX.NE.0)GO TO 30 










DO 300 1=1,JUP2 
IF(H(I).NE.0.0D0) GOTO 500 
300 CONTINUE
WRITE(6,1)






NOTE: MPTL: # OF PARTICLE
NSHL: # OF ORBITS
NCON: # OF TOTAL POSSIBLE CONFIGURATIONS
NWOD: # OF WORDS NEEDED TO STORE A BASIS
MBAR: 2-D ARRAY STORES THE BASIS IN BINARY FORM 








10 WRITE(6, 1 )
C NOT ENOUGH PARTICLES












IF(MREM,EQ.0)G0 TO 170 
C TOO MANY PARTICLES
WRITE(6 , 2 )
2 FORMATCIX,’ TOO MANY PARTICLES®')
GO TO 1000
C SEARCH FOR NEW DISTRIBUTION BY DECREASING NUMBER IN K-SHELL BY ONE





C DISTRIBUTE REMAINING PARTICLES IN SUBSEQUENT ORBITS
MTOT=0
DO 140 J=1 ,K  
140 MTOT=MTOT+MNOWCJ)
DO 150 J=KP1,NSHL 
MREM=MEFF-MTOT 
MNOW(J)=MIN0C1 ,MREM)
150 MTOT=MTOT+MNOW( J )
IFCMTOT. EQ.MEFF)GO TO 170 
C SEARCH FOR NEW DISTRIBUTION WAS NOT SUCCESSFUL
MNOW(K)=MNOWCK)+l 
160 CONTINUE 
C ALL PATTERNS EXHAUSTED 
GO TO 1000  
170 NCON=NCON+l 
IA=0
DO 180 1 = 1 , NSHL 




C WRITEC6,190)NCON,CMNOWCI), 1 = 1 , NSHL),IA 
C 190 FORMATC' ' , 1 4 , 1 5 1 5 /C '  ' . 4 X . 1 5 I 5 ) )
C 190 FORMATC' ' , 1 3 , I X , 3 2 1 6 , IX, I 11)






DIMENSION N( 1 )
IF(NDIM.EQ.l)  RETURN 
NDIM1=NDIM-1 




DO 30 J = I 1 ,NDIM 
K=N(J)





I F ( I I . N E . I )  THEN 
N ( I I ) = N ( I )







C PROGRAM TO THE QUANTUM EXPECTATION OF OPERATOR:
C C(I ,-,IS)*C(J,-,JS)*C(K, + ,JS)*C(L, + ,IS)
C NOTE: + , -  DENOTING RAISING AND LOWERING OP. ;
C * I , J , K , L  SITE INDEXES;
C * I S . J S  SPIN ; IS=1 FOR UP, WHILE IS =-1  FOR DOWN;
C * NSUP(NDIM,NSITE) & NSDN ARE THE ARRAYS TO STORE
C THE BASIS STATES;
C * NSUPBS & NSDNBS ARE THE BASIS STATES CONVERTED TO NUMBERS
C AND TO BE USED IN BINARY SERCH;
C * MIJKL(6,NPRMX) ARRAY TO STORE IJKL AND I S . J S ;
C * NPR IS #  OF THE SETS OF IJKL ;




DIMENSION NSUP(LSTMX,1 ) ,NSDN(LSTMX,1)
DIMENSION NSUPBS(1 ) ,NSDNBS(1)
DIMENSION NUP1(58) ,NDN1(S8) ,NSIGN(58)
DIMENSION NPOP(NDIMX, 1 ) ,MIJKL(6, 1 )
C WRITE(6, 1 0 1 )  LSTMX,NDIMX,NDIM,NPRMX,NPR
101 FORMATCIX,' LSTMX, NDIMX, NDIM, NPRMX, NPR=’ , 9 1 5 )
DO 11 1 = 1 , NDIM 
DO 11 J=1,NPR
11 NPOP(I, J ) = 0






















TO A SERIES OF NUMBERS ................................
CALL TRANS(JUP,NSITE, NSUP,NSUPBS)
CALL TRANS(JDN,NSITE,NSDN,NSDNBS)




LL=MIJKL( 4 , IPR)
ISPIN=MIJKL(5, IPR)
JSPIN=MIJKL(6, IPR)
I F ( ( ISPIN.EQ.JSPIN).AND.(LL.EQ.KK))  GOTO 1000 
I F ( ( I S P I N . E Q . J S P I N ) . A N D . ( I I . E Q . J J ) )  GOTO 1000  
NSUM=0
DO 500 ISU=1,JUP  
DO 700 ISD=1, JDN 
NSUM=NSUM+1
NK=NSUP(ISU,KK)*(( 1 + J S P I N ) / 2 ) + N S D N ( I S D , K K ) * ( ( l - J S P I N ) / 2 )  
N L = N S U P ( I S U , L L ) * ( ( l + I S P I N ) / 2 ) + N S D N ( I S D , L L ) * ( ( l - I S P I N ) / 2 )  
IF((NK.N E.O ) .O R . (N L.N E.O))  GOTO 700 
DO 550 1 = 1 , NSITE 
NUP1(I )=NS UP(ISU,I )
NDN1(I)=NSDN(ISD,I)
WRITE(6,551)
F0RMAT(1X,’THE INITIAL STATE I S ' )
WRITE(6,89) ( N U P 1 ( I ) , 1 = 1 , N S IT E) , (N D N 1(I ) , 1 = 1 , NSITE) 
FORMAT(IX,111 14 )
F0RMAT(1X,'THE SIGN I S ' , F 4 . 0 )
DO 560 1 = 1 , NSITE
NSIGN(I)=NUP1(I) * ( ( I S P I N + 1 ) / 2 ) + N D N l ( I ) * ( ( l - I S P I N ) / 2 )
CALL SIGN1(NSIGN,NSITE,LL,SL)




DO 570 1 = 1 , NSITE
N S I G N ( I ) = N U P l ( I ) * ( ( J S P I N + l ) / 2 ) + N D N l ( I ) * ( ( l - J S P I N ) / 2 )
CALL SIGN1(NSIGN,NSITE,KK,SK)
IF(JSPIN) 5 7 1 , 5 7 1 , 5 7 2  
NDN1(KK)=1 
GOTO 573  
NUP1(KK)=1
NI=NUP1(II ) * ( ( l + I S P I N ) / 2 ) + N D N l ( I I ) * ( ( l - I S P I N ) / 2 )
N J=N UP1 (JJ)*(( 1 + J S P I N ) / 2 ) + N D N l ( J J ) * ( ( l - J S P I N ) / 2 )
I F ( ( N I . N E . 1 ) .OR. ( N J . NE. 1 ) )  GOTO 700 
DO 580 1 = 1 , NSITE
NSIGN(I)=NUP1(I) * ( ( J S P I N + l ) / 2 ) + N D N l ( I ) * ( ( 1 - J S P I N ) / 2 )
CALL SIGN1(NSIGN,NSITE,JJ,SJ)
IF(JSPIN) 5 8 1 , 5 8 1 , 5 8 2  
NDN1(JJ)=0  
GOTO 583  
NUP1(JJ)=0
155
583  DO 590 1 = 1 , NSITE
590 N S I G N ( I ) = N U P l ( I ) * ( ( I S P I N + l ) / 2 ) + N D N l ( I ) * ( ( l - I S P I N ) / 2 )  
CALL SIGN1(NSIGN,NSITE,II ,SI)
I F (IS P IN )  5 9 1 , 5 9 1 , 5 9 2
591 NDN1(II)=0  
GOTO 593
592  NUP1 (II)=0
59 3  S=SI*SJ*SK*SL 
C WRITE(6,553)
55 3  FORMATCIX,'THE FINAL STATE I S 1)
C WRITE(6 , 8 9 )  (NUP1CI) , 1 = 1 , NSITE), (NDN1CI) , 1 = 1 , NSITE)
C FIND OUT WHICH STATE THE RESULTING STATE IS 
NUP1BS=INVERT(NSITE,NUP1)
NDN1BS=INVERT(NSITE,NDN1)
C WRITEC6 » 5 5 4 )  NUP1BS,NDN1BS

























/ /GO.FT16F001 DD DSN=PHDUAN. HC8T1E.DATA,UNIT=DISK,DISP=SHR
//GO.FT03F001  DD DSN=PHDUAN.HC8T1E.DATA,UNIT=DISK,DISP=SHR
//GO.FT26F001  DD DSN=PHDUAN.HC8T1E.DATA,UNIT=DISK,DISP=SHR
//GO.FT08F001 DD DSN=PHDUAN.HCFPSE.DATA,UNIT=DISK,DISP=SHR
/ /GO.F TllFOOl DD DSN=PHDUAN.WS23,UNIT=DISK,DISP=SHR
















1 1 LOCAL MOMENT
1 2 1ST NEIGHBOR
1 3 2ND NPRS
1 7 3RD NPRS
2 2 LOCAL MOMENT
3 4 1ST NPRS
2 4 2ED NPRS
2 8 3RD NPRS
1 . 0 0 . 1 THOPING V
1 NEO
0 . 0 EO
1 NUD
10 .0 2 . 0 4 . 0 6 . 0  8 0 1 0 . 0  2 0 . 0  5 0 . 0
2 0 NTL.IH
0 . IE-5 TOO
0 .
1




0 .  ID-1  0 . 02 0 05 DTI,DT2,DT3  
NPRMX
1 2 2 1 1 -1 MIJKL
1 2 1 2
1 2 1 2 -1  1
1 2 2 1 -1  1
1 1 1 1 1 -1 SP
1 2 2 1 1 1 TP
1 2 3 4 1 -1
1 2 4 3 1 -1
1 2 4 3 - 1  1
1 2 3 4 -1  1
1 1 2 2 1 -1 SP
1 2 4 3 1 1 TP
1 2 6 5 1 -1
1 2 5 6 1 - 1
1 2 5 6 -1  1
1 2 6 5 -1 1
1 1 3 3 1 -1 SP
1 2 6 5 1 1 TP
1 2 7 8 1 -1
1 2 8 7 1 -1
1 2 8 7
1 2 7 8 -1  1
1 1 7 7 1 -1 SP

























































//BCC JOB (1103,67444,30,9),'D .P .C H E N ',MSGLEVEL=(1,1),
/ /  MSGCLASS=S
/*JOBPARM SHIFT=D 
/*ROUTE PRINT RMT4
/ / S I  EXEC VSF2CLG,REGION.FORT=2560K,
/ / *  PARM.FORT='NOSOURCE,NOTERH,OPT(3 ) ’ ,
! / -  PARM.FORT='NOSOURCE,NOTERM,OPT(3), VEC(REPORT=XLIST)1,
/ /  PARM.FORT='SOURCE,NOTERH,0PT(3), VEC' ,
/ /  PARM.LKED='NOMAP,NOXREF,LIST,LET,AMODE=ANY',
/ /  PARM. GO=' NOXUFLOW' ,
/ /  REGION.G0=999M,TIME.GO=999,
/ /  L IB = ' SYS1. ESVVLIB1
//FORT.SYSIN DD *
^PROCESS DC(Y)
C - - - ...............................   - .......................
C THIS PROGRAM PERFORM THE SYMMETRIZATION OF BASIS ACCORDING TO
C CUBIC SYMMETRY;
C AND MAKE CALCULATION OF HUBBARD MODEL ON BCC CLUSTER
C
C- - ..................................................... - ........................................................... ..................................
C NSITE=# OF SITES; NTL=# OF TOTAL ELECTRONS
C NPRTL=TOTAL NUMBER OF NEAREST NEIGHBOR PAIRS
C PARAMETERS IN THE MODEL: THOP(IS Z),EO,U AND V
c EIGENENERGIES ARE STORED IN EN ARRAY
c NOTE: SPH2(NT IRANMX),SCFT(NT,IRANMX,NCORTL)=SCFXYT
c NCORTL NUMBER OF PAIR S-SPF IS CALCULATED
c NPRS SPIN-C-FN. PAIRS
c NTI NUMBER OF TEMPERATURES WITH INTERVAL DTI
c SPH SPECIFIC HEAT
c SUSCO ZERO-FIELD MAGNETIC SUSCEPBILITY
c SUSCM F-ELECTRON MAGNITIC SUSCEPBILITY
c FOCTT F-ELECTRON LOCAL MOMENT
c NTMAX MAX # POINTS OF TEMPERATURE
c IRANMX MAX # OF POSSIBLE PARTITIONS OF NTL INTO
c NUP,NDN (WITH NUP.GE.NDN)
c NORB NUMBER OF ORBITALS
c
n ___

















DIMENSION ENUPSCNDIMX, 9 ) ,ENDNS(NDIMX,9)
C DIMENSION ENUPTCNTMAX, NSITE, IRANMX), ENDNTCNTMAX, NSITE,IRANMX) 
DIMENSION ENUPTCNTMAX, 9 , IRANMX), ENDNT(NTMAX, 9 , IRANMX)






DIMENSION NWEIT(NDIMS, 3 ,NSTATE), WEIT(NDIMS, 3 .NSTATE)
DIMENSION NPR( 2 , NPRMX) , NCOR( 2 , NCORMX)
DIMENSION JVCNDIMX,NCORMX)
DIMENSION C0RRS1(NDIMX,NCORMX)




DIMENSION ECU( 3 0 ) , VCO(30), V PP I(3 0 ) ,N P (10)
CHARACTER*80 $
COMMON /Y/ZDUMW, HWV, ENUPS, ENDNS, CORRS, CORRS1
COMMON /Cl/NSUP,NSDN
COMMON /C2/NSUPBS,NSDNBS
COMMON /CP/NDIM, JUP,JDN, NSITE, NORB





c   --------------------------------------------
c   .
C DO 9111 1=1,9 
C9111 N D IF 1 ( I )= I  
C DO 9222 1=1,48 
C CALL OHOP(9,I,NDIF1,NDIF2,S)
C WRITE( 6 , 9 2 2 3 ) 1 , (N D IF 1 (K ),K = 1 ,9 )
C9222 W R ITE (6 ,9224 )(N D IF2 (K ),K =1 ,9 )





1 FORMATCIX,’ BCC-BCC-BCC CLUSTER CALCULATION')
READC5,*)NPRTL
C NPRTL=TOTAL NUMBER OF ALLOWED HOPPING PAIRS 
DO 610 1=1,NPRTL 
610 READC5,*)NPRC1 , 1 ) ,NPR(2, I )
WRITEC6 ,3)NPRTL 
3 FORMATCIX,'LIST OF ALLOWED HOPPING PAIRS, TOTALS',14)
WRITEC6 , 2 ) CNPRC1 , 1 ) ,NPRC2, I ) , 1 = 1 , NPRTL)
2 FORMATC215)
READC5 , * ) NCORTL 
C NCORTL = NUMBER OF PAIRS FOR WHICH S-C-F IS CALCULATED
DO 620 1=1,NCORTL 
620 READ(5, * )  NCOR(1 , 1 ) ,NCOR(2, I )
C F -F  AND F-D CORRELATIONS TO BE CALCULATED
WRITE(6,4)NC0RTL 
4 FORMATCIX,'LIST OF PAIRS IN CORRELATION CALCULATION, TOTAL' 
WRITE(6 , 2 ) CNCORC1 , I ) .NCORC2, I ) ,1 = 1 ,NCORTL)
READC5,*)V,Z
READC5,*)NECU
READC5, * ) CECU(I),1 = 1 ,NECU)
READC5,*)NV
READC5 , * ) CVCO(I) , 1 = 1 ,NV)
READC 5 ,*)N TL
READC 5 ,* )T 0 0








DO 630 1=3,MT1 
K=K+1
630 TEM(K)=TEM(K-1)+DT1
IFC M T2.LT .1) GOTO 1991 
DO 1990 1=1,MT2 
K=K+1
1990 TEM(K)=TEMCK-1)+DT2
1991 IFCMT3.LT.1) GOTO 1992 










DO 310 IV=1,NV 
UD=VCO(IV)
US=UD













WRITE(26, 8 04 )V , Z,US,UD,ED,NTL 
WRITE(3,804)V,Z,US,UD,ED,NTL 
804 FORMATCIX,'MODEL PARAMETERS V,Z,US,UD,ED,NTL,NT='
1 / I X , 5E15.5 ,2 1 5 )
CALL SPE(ENUP,V, Z,ED)
WRITE( 6 , 8 8 8 ) (E N U P ( I ) ,1 = 1 ,NSITE)
888 FORMATCIX,'SINGLE PARTICLE ENERGIES' ,6F 15 . 8 /1 0 X , 6F15.8 )  
C DO 8885 1=1 ,NTMAX
C DO 8885 IRAN=1,IRANMX
C Z F 0 ( I , IRAN)=0. ODO
C DSUSOCI, IRAN)=0. ODO
C SPII1CI ,IRAN) = O.ODO
C SPH2CI, IRAN)=0. ODO
C DO 8881 K=l,NSITE
C ENUPT(I, IPR , IRAN)=0. ODO
C8881 ENDNTCI, IPR, IRAN)=0. ODO 
DO 8885 IPR=1,NCORMX 
CORRTPfI, IPR , IRAN)=0. ODO 
C0RRT1( I , IP R , IRAN)=0. ODO 
C0RRT2CI, IPR, IRAN)=0. ODO 
C0RRT3CI, IPR,IRAN)=0.ODO 
C8885 CORRT4(I,IPR,IRAN)=O.ODO 
DO 300 IRAN=1,NTL 
NUP=NUPST-IRAN 








WRITEC6 , 103)NUP,JUP,NDN,JDN,NDIM 
WRITEC1 6 ,1 03 )NUP,JUP,NDN,JDN,NDIM 
103 FORMATCIX,’ NUP,JUP, NDN, JDN,NDIM=' ,5 1 9 )
CALL HUPCNSUP,JUP,NUP,NSITE,LSTMX,NPR,NPRTL,HIJUP,V,Z) 
CALL HUP(NSDN,JDN, NDN, NSITE, LSTMX,NPR, NPRTL, HIJDN, V , Z)
C FIND THE DIAGONAL PART OF H-MATRIX 
IA=0
DO 333 IAU=1, JUP 











C PRINT OUT THE BASIS STATES 
C
C WRITE( 6 , 1 0 3 3 ) IA , (NSUP(MA,K),K=1,NORB), (NSDNCMB,K),K=1,N0RB)
C
333 CONTINUE
1033 FORMATCIX,1 5 ,9 1 4 ,2 X ,914)
CALL XXNP(NP,NDIM)
C WRITEC15) C N P (I) , I= 1 ,1 0 ) ,N T L
CALL CORR2CJV, NSUP,NSDN,NCOR, NCORTL, NCORMX, NTL,
1NDIMX,LSTMX,NSITE,JUP,JDN)
CALL TRANSCJUP, NSITE, NSUP, NSUPBS,LSTMX)
CALL TRANS( JDN, NSITE,NSDN, NSDNBS,LSTMX)
JQ=0





C DO 4000 IR = 1 , MNTC
C DO 4000 IRR=1,MDIM
C WRITEC15) CNWEITCIR, IRR, I ) , 1 = 1 ,NSTATE)
C4000 WRITEC15) CWEITCIR, IRR, I ) , 1 = 1 , NSTATE)
DO 5000 ISM=1,MDIM 
IF C IS M .N E .l)  GOTO 9876 
DO 5100 1=1 ,MNTC 
ENWCI)=0.0D0 
DO 5100 J=1,MNTC
5100 ZDUMWCI,J ) = 0 . ODO 
IAB=0
DO 5200 IA=1,MNTC 
DO 5200 JB=IA,MNTC 
IAB=IAB+1 
HIAB=0.DO
DO 5220 1=1,NSTATE 
I1=NWEITCIA, ISM, I )
IF C I1 .N E .0 )  THEN 
C CALL FUDC11 , 11U, IID ,JD N )
C I1D=M0D(I1 ,JDN)
I1 D = I1 - ( I1/JDN)*JDN 
11D=I1D+C1/(1+1 ID))*JDN 
I1 U = C I l - I1D)/JDN+1 
DO 5230 J=l,NSTATE 
J1=NWEITCJB, ISM, J )
IFC J1 .N E .0 ) THEN 
C CALL FUDCJ1,J1U,J1D,JDN)
C J1D=M0DCJ1,JDN)





ID=MAX0(I ID ,J ID )
JD=MINO(I1D,J1D)
I J U P = ( ( IU - l ) * IU ) /2 + J U  
IJD N =(( ID - l ) * ID ) /2 + J D  
C IU=IU+1
C JU=JU+1
C IF ( ( IU .L E .O ) .O R . ( ID .L E .O ) .O R . ( IJ U P .L E .O ) . OR. CIJDN.LE. 0 ) )  THEN
C WRITE(6,523) IU , ID ,IJU P ,IJD N
C 523 F0RMATC1X,' IU , ID , IJ U P ,IJ D N = ' ,5 1 5 )
C ENDIF
X=HIJUP(IJUP)*DFLOAT(JD/ID)+HIJDN(IJDN)*DFLOAT(JU/IU) 
X=X+HIJUD(Il)*DFLOAT(( J D / I D ) * ( J U / I U ) )









C  =  = = =  =  =  =  =  =  =  =  =  =  : z = = = = = =  =  =  =  =  =  =  =  - - - - - = = =  = = =  = = =  =  =  =  =  =  = = = = = = = =  =  =  =  =  =  =  =  =  = z =
C CALL EIGRS(NDIMS,MNTC,HW,ENW,WK, ZDUMW, IER)
C CALL EIGRS( 1IWV,HNTC, 2 ,ENW, ZDUMW ,NDIMS ,WK, IER)
CALL DSLEV( 1 , HWV, ENW, ZDUMW, NDIMS, MNTC,WK,NDIMS2)
WRITE(6 ,5302) NP(ISY),ISY,MDIM,ENW(1)
5302 FORMATCIX,'THERE ARE' , 1 5 , 2X, 1 5 , ’ TH REP. D I M ' , 1 4 , '  ESUBM=',E20.
C DO 7839 1=1,MNTC
C7839 WRITEC6,7837) C»W(I, J ) , J=1 ,MNTC)
C7837 FORMATC1X.9E20.10)
C J I  = 1
C DO 839 1=1 ,NDIM
C J F = J I+ I -1
C WRITE(6,7837) ENWCI)
C WRITEC6 ,7837 ) CZDUMWCI, J ) ,J=1,MNTC)
C WRITEC6,7837) CHWVCJ),J=JI,JF)
C839 J I=JF+1
C DO 839 1=1 ,MNTC,6
C 14=1+5
C IFCI4.GT.MNTC) I4=MNTC
C WRITEC6 , 1 0 5 ) I , (E N W C K I) ,K I= I ,14)
C839 CONTINUE
9876 DO 7830 1=1,MNTC
JQ=JQ+1 
EN(JQ)=ENW(I)
C IF C I.G T .1 0 0 )  GOTO 7830
DO 9101 J=1,NDIM 
9101 ZDUM(J)=0. ODO
DO 7820 J=1,MNTC 




ZDUM(MN)=ZDUM(MN)+WEIT(J, ISM, K)*ZDUMW(J, I )
END IF  
7820 CONTINUE
WRITE(6 ,2 4 1 )  I , ( ZDUM(K),K=1,NDIM)
241 FORMAT(1X,I3,10E13.5)
C........................... ........... ........... ...............................................................................................
C QUANTUM EXPECTATION OF ALL QUANTITIES....................................................
c -------------------------------------------------------------------------------------------------------------------
DO 240 J=l,NCORTL 
W K(J)=0. ODO 
DO 240 K=1,4 
240 SPINZ(J,K)=O.ODO 




DO 250 MA=1,JUP 




DO 220 IPR=1,NCORTL 
IPR1=NC0R(1 , IPR)
IPR2=NC0R(2 , IPR)








J = J V ( IA , IP R )
IF (J .N E .O ) THEN
SN=1. ODO




WK( IPR) =WK( IPR) +SN*ZDUM( J ) *ZDUM( IA )
END IF  
220 CONTINUE




230 ENDN( J ) =ENDN(J)+DFLOAT( NSDD)*XY 
250 CONTINUE
DO 260 IPR=1,NCORTL 
DO 255 K=1,4
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255 CORRS(JQ, IPR ,K)=SPINZ(IPR,K)
260 CORRS1(JQ,IPR)=WK(IPR)















6601 FORMATCIX,'THE EIGENENERGIES ARE: EMIN=1, E 20 .10 , ' D -E M IN = ', I9 )  
WRITEC16,* ) ( E N ( N E ( K I ) ) ,K I  = 1,NDIM)
DO 7790 1=1,NDIM,6 
14=1+5
I F ( 1 4 .GT.NDIM) I4=NDIM 
105 FORMATCI5.15E20.9)
I F ( I 4 . L T . 100) THEN 
W R IT E (6 ,1 0 5 ) I , (E N C N E (K I ) ) ,K I= I , I4 )
END IF  
7790 CONTINUE
C FINISH OUTPUT EIGENENERGIES.................................................
WRITEC 6 ,7791)
7791 FORMATCIX,'THE FIRST 5 STATE EXPECTATION VALUES ARE’ /1X , 
l 'U P -U P ; UP-DN; DN-UP; DN-DN FOR EACH PAIR’ / I X ,
5 'UP-EL DN-EL FOR EACH S IT E ')
DO 3040 JK=1,5 
K=NE(JK)
3022 FORMATCIX,1 5 ,A5, 9E13.5)
$ = 'UU+DD'
WRITEC6 ,3 0 2 2 )JK ,$ ,(C O R R S (K ,J ,1 ) ,J=1,NCORTL)
$ = ' UD+DU1
W R IT E (6 ,3 02 2 )JK ,$ ,( CORRS(K,J , 2 ) ,J=1,NCORTL)
$ = 'DN-UP'
WRITE(6 ,3 0 2 2 )JK,$,CCORRS(K, J , 3 ) ,J=1,NCORTL)
$= ’ DN-DN”
WRITE(6 ,3 0 2 2 )J K , $ , ( CORRS(K, J , 4 ) , J = 1 , NCORTL)
$ = 'UP-EL'
WRITEC6 ,3 0 2 2 )J K , $ , (ENUPS(K, J ) ,J = 1 ,N S IT E )
$=' N-EL'
WRITEC 6 ,3 0 2 2 )J K , $ , (ENDNS(K,J ) ,J = 1 ,N S IT E )
DO 3041 J=1,NC0RTL 
Il=NCOR(1 ,J )
I2=NCOR(2,J)
SCF(J)=CORRS(K,J, 1 ) -CORRS(K,J ,2 )
S C F (J )= 0 . 25D0*SCF(J)
3041 CCF(J)=C0RRS(K, J , 1)+C0RRS(K, J , 2 ) -ENDNS(K, I 1)*ENDNS(K,12 ) 
$ = 1 SUPER'
W RITE(6,3022)JK ,$ ,(C0RRS1(K ,J),J= l,NCORTL)
$= ' SCF '
W R IT E (6 ,3 02 2 )JK ,$ ,(S C F (J ) , J=1,NCORTL)
$= ' CCF ’
W RITE(6 ,3022)JK ,$ ,(CCF(J),J=1,NC 0R TL)
3040 CONTINUE
C BEGINNING OF THERMAL QUANTITIES ...........................
AM=0. 5D0*DFL0AT(NUP-NDN)
L=NDN/NUP 
L = l+ l / ( 1 + L )
X1=DFL0AT(L)





DO 901 IPR=1, NCORTL 
W K(IPR)=0. ODO 
DO 901 K=1,4
901 SPINZ(IPR,K)=0.ODO 
DO 902 IPR=1, NSITE 
ENUP(IPR)=0.ODO
902 ENDN(IPR)=0. ODO 
DO 95 I J = 1 , NDIM 
J= N E (IJ )
B EJ=(EN (J)-EM IN )/T  
IF (B E J . GT. 6 5 . DO)GO TO 96 
EBEJ=DEXP(-BEJ)
DSH1=DSH1+EN(J)*EBEJ
DSH 2=DSH2+EN( J)*EN C J)*EBEJ
DSFM=DSFM+EBEJ
DO 9902 IPR=1, NCORTL
WK( IPR) =WK( IPR) +CORRS1(J , IPR) *EBEJ
DO 9902 K=1,4





96 S P H 1(I , IRAN)=X1*DSH1 
S P H 2( I , IRAN)=X1*DSH2 
Z F 0 ( I , IRAN)=X1*DSFM 
DSUSO(I, IRAN) =X1*DSFM*AM*AM 
DO 9501 IPR=1.NCORTL
C0RRT1(I, IPR , IRAN)=X1*SPINZ(IPR,1 )
C0RRT2(I, IPR , IRAN)=X1*SPINZ(IPR,2 )
C0RRT3(I, IP R , IRAN)=X1*SPINZ(IPR,3 )
C0RRT4(I, IP R , IRAN)=X1*SPINZ(IPR,4)
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9501 CORRTP(I, IP R , IRAN)=X1*WK(IPR)







DO 299 IRAN=1, IRANM 
IF (E L (IR A N ).LT .E M IN ) THEN 
EMIN=EL(IRAN)
NMIN=IRAN 
END IF  
299 CONTINUE
WRITE(16,113)
WRITE(1 6 , * )  EMIN 
WRITE(6,112)
WRITE(3 ,112)
112 FORMAT(IX, '  T, CV, X (B =0), SUPER-ORDER FOR EACH PAIR FOLLOWS1)
113 FORMAT(IX, '  E-GROUND-STATE' )
WRITE(26,1132)
1132 FORMATQX, 1T , UP-UP , UP-DN,DN-UP,DN-DN ,N-N 1)
DO 305 1=1,NT 
T=TEM(I)
DO 302 IRAN=1,IRANM 
IF (IRAN.EQ . NMIN)GO TO 302 
ARG=(EL(IRAN)-EM IN ) /T  
IF(ARG.GE.65.DO)GO TO 302 
ARG=DEXP(-ARG)





C0RRT1(I, IPR,NMIN)=C0RRT1(I, IPR,NMIN)+C0RRT1(I, IPR , IRAN)*ARG 
C0RRT2(I, IPR,NMIN)=C0RRT2(I, IPR,NMIN)*C0RRT2(I, IPR, IRAN)*ARG 
CORRT3(I, IPR,NMIN)=CORRT3(I, IPR,NMIN)+CORRT3(I, IPR , IRAN)*ARG 
C0RRT4(I, IPR,NMIN)=CORRT4(I, IPR,NMIN)+C0RRT4(I, IPR, IRAN)*ARG 
3021 CORRTP(I, IPR,NMIN)=CORRTP(I, IPR,NMIN)+CORRTP(I, IPR, IRAN)*ARG 
DO 3025 IPR=1,NSITE
ENUPT(I, IPR,NMIN)=ENUPT(I, IPR,NMIN)+ENUPT(I, IPR , IRAN)*ARG 








ENUPT(I, IPR,NMIN)=ENUPT(I, IPR,NMIN)/ZF0( I  ,NMIN)
3024 ENDNT(I, IPR,NMIN)=ENDNT(I, IPR,NM IN)/ZF0(I,NM IN)
DO 3023 IPR=1,NCORTL 
I1=NC0R(1 . IPR)
I2=NC0R(2,IPR)
CORRTlfI, IPR,NMIN)=C0RRT1(I, IPR , NMIN)/ZFO(I.NMIN)
C0RRT2(I, IPR,NMIN)=C0RRT2(I, IP R ,N M IN )/ZFO (I, NMIN)
C0RRT3CI, IPR,NMIN)=C0RRT3(I, IPR , N M IN )/ZFO (I, NMIN)
C0RRT4CI, IPR,NMIN)=C0RRT4(I, IPR ,N M IN )/ZFO (I, NMIN) 
X=C0RRT1(I, IPR,NHIN)+C0RRT2(I, IPR, NMIN)
CCF(IPR)=X-ENDNT(1, 11 ,NMIN)*ENDNT(1,1 2 ,NMIN)
SCF(IPR)=0. 25DO*(CORRT1( I , IPR, NMIN)-C0RRT2(I, IPR,NMIN)) 
3023 C0RRTP(I, IPR, NMIN)=CORRTP(I, IPR,NMIN)/ZFO( I,NMIN)
WRITE(6,116)T,SPH,SUSCO, (CORRTP(I, JPR.NMIN), JPR=1.NCORTL) 




WRITE(6 ,6 6 3 ) (C0RRT3(I,JPR.NMIN),JPR=1.NCORTL) 
WRITE(6,664)(C0RRT4(I,JPR.NMIN),JPR=1.NCORTL)
WRITE(6, 665)(CCF(JPR),JPR=1.NCORTL)




WRITE(2 6 ,6 6 6 ) (C0RRT3CI.JPR.NMIN),JPR=1.NCORTL) 
WRITE(26,666)(C0RRT4(I.JPR.NMIN),JPR=1, NCORTL)
WRITE(26,6 6 6 ) (CCF(JPR),JPR=1.NCORTL)
WRITE( 2 6 ,6 6 6 ) (SCF(JPR),JPR=1.NCORTL)
C WRITE(6,666)(ENUPT(I,JPR.NMIN),JPR=1,NSITE)
661 FORMAT(IX,'UP-UP'.8X.9E13.5)
















DIMENSION E (9 )








E(1)=0 .5D0*(Q A-Q )
E(2)=0.5D0*(QA+Q)
C E l  AND E2 ARE THE SPATIALLY NONDEGENERATE STATES 
E (3 )= -3 .0 D 0 *Z  
E (4 )= -Z  
E (5 )= -Z  




E3 IS 3-FOLD DEGENERATE STATE 
E4 IS 4-FOLD DEGENERATE STATE 
RETURN 
END
SUBROUTINE TDOP(NS, IP R ,N I,N F ,S )
IMPLICIT REAL*8(A-H,0-Z)
C NOTE: THIS PROGRAM MAKE 24 OPERATIONS OF TD GROUP 
DIMENSION NI(NS),NF(NS),NTROP(2,10)
S=1.0D0
IF  ( IP R .E Q . l  ) THEN 
DO 30 1=1 ,NS 




GOTO ( 2 ,3 ,4 ,5 ,6 ,7 ,8 ,9 ,1 0 ,1 1 ,1 2 ,1 3 ,1 4 ,1 5 ,1 6 ,1 7 ,1 8 ,1 9 ,2 0 ,2 1 ,2 2 ,2 3  
1 , 2 4 , 2 5 ) , IPR1
2 NOP=4 
NTROP(1 ,1 )=2 
NTROP(2, 1)=3 
NTROP(1 ,2)=2  
NTROP(2, 2)=4 
NTROP(1 , 3)=6 
NTROP(2 , 3)=7 
NTROP(1 , 4)=6 
NTROP(2,4)=8
CALL ROTXYZ( NS, NOP,NTROP, N I ,NF, S ,2 )
RETURN
3 N0P=4 
NTROP(1 ,1 )=2  
NTR0P(2, 1 )=4 
NTROP(1 , 2)=2 
NTR0P(2, 2)=3 
NTR0P(1 , 3)=6 
NTR0P(2, 3)=8 








NTROP(1 , 2)=1 
NTROP(2,2)=3 




CALL ROTXYZ(NS,NOP,NTROP,NI, NF, S,2 )  
RETURN
5 N0P=4 
N T R O P ( l , l )= l  
NTROP(2, 1)=3 
NTROP(1 , 2)=1 
NTR0P(2,2)=4 
NTROP(1, 3)=5 
NTROP(2,3 ) = 7 
NTROP(1,4)=5 
NTROP(2,4)=8
CALL ROTXYZ( NS, NOP, NTROP, N I , NF, S,2 )  
RETURN
6 N0P=4 
NTROP(1 , 1)=1 
NTROP(2, 1)=2 
NTRO P(l,2 )= l 
NTROP(2,2)=4 




CALL ROTXYZ(NS, NOP, NTROP,NI,NF, S,2 )  
RETURN
7 N0P=4 
NTR0P(1 , 1)=1 
NTR0P(2,1)=4 
NTROP(1 , 2)=1 
NTROP(2, 2)=2 
NTR0P(1 ,3)=5 
NTROP(2 , 3)=8 
NTROP(1 ,4)=5 
NTROP(2,4)=6
CALL ROTXYZ( NS, NOP, NTROP, N I , NF, S,2 )  
RETURN
8 N0P=4 









CALL ROTXYZ( NS, NOP, NTROP, N I , NF, S ,2 )  
RETURN
9 N0P=4 




NTROPC1 ,3)=5  






NTROPC1 , 1)=3 
NTROP(2,1)=4 
NTROPf1,2)=1 




NTROPC 2 ,4 )=6
CALL ROTXYZ C NS, NOP, NTROP, N I , NF, S ,2 )  
RETURN
11 NOP=4 
NTROPC1 ,1 )=3 
NTROPC 2 , 1 ) = 1 
NTROPC1,2)=4 
NTROPC2 ,2 )= 2  
NTROPC1,3)=7 
NTROPC2 , 3)=5 
NTROPC1,4)=8 
NTROP(2,4)=6




NTROPC 2 , 1)=2 
NTROPC1,2)=4 
NTR0P(2,2)=1 
NTROPf1 ,3 )=7  
NTROPC2 ,3 )= 6  
NTROPC1,4)=8 
NTROPC 2 ,4)=5










NTROP(1 ,4 )=5  
NTROPC2,4)=8 




CALL ROTXYZC NS, NOP, NTROP, N I , NF, S ,2 )  
RETURN
14 NOP=6 
NTROPf1 ,1 )=1 
NTROPC 2 , 1 )=4 
NTROPC1 ,2 )= 2  
NTROPC2,2)=3 
NTROPC1 ,3 )= 4  
NTROPC 2 , 3)=2 
NTROPC1 ,4 )=5  
NTROPC 2 ,4 )= 8  
NTROPC1 ,5 )=6 
NTROPC 2, 5 ) = 7 
NTROPC1 ,6 )=8 




NTROPC1 , 1)=1 
NTROPC2,1)=2 
NTROPC1,2)=4 






NTR0PC2,5 ) = 7 
NTROPC1,6)=8 





NTROPC2 ,1 )= 2  
NTROPC1,2)=2 
NTROP(2,2)=3 
NTROPC1 ,3 )= 4  
NTROP(2 , 3)=1 
NTROPC1,4)=5 
NTR0PC2,4)=6 
NTROPC1 ,5 )=6 
NTROPC2 ,5 )= 7
173
NTROPC1,6 )=8  
NTROP( 2 , 6)=5
CALL ROTXYZCNS, NOP, NTROP,N I , NF, S ,2 )  
RETURN
17 NOP=6 
NTROPC1 ,1 )=4 
NTR0PC2, 1)=2 













NTROPC1,1 )=4  































NTROP(1 , 2)=6 
NTROP(2,2)=8

















NTROPC1 ,1 )=2 






NTROPC1 ,1 )=1 
NTROPC2,1 )=5  
NTROPC1,2)=2 
NTROP(2 , 2)=6 








C NOTE: THIS PROGRAM APPLY ROTATION OPERATORS TO THE ONE OF THE
C BASIS STATES AND GIVE OUT THE RESULT
C NSITE IS THE DIM OF ARRAY OF BOTH NI AND NF
C IPR IS IPR(TH) OPERATOR,NI IS THE IN IT IA L  STATE ARRAY
C NF IS THE RESULTING STATE ARRAY , S IS THE SIGN
C NOP IS THE // OF TRANSPOSES IN THE IPRCTH) OPERATOR
C NTROP IS THE ARRAY TO STORE THE INDICES OF TRANSPOSES
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION NIC 1 ) ,N F (1 ) ,NF1(40),ID(40),NTROP(NPAIR,NOP)
DO 4 1=1,NSITE 
4 ID C I)= I  
S=1. ODO
DO 5 1=1,NSITE
5  N F 1 ( 1 ) = N 1 ( 1 )
DO 1000 IP=l,NOP 
I=NTROP(1 , IP )
J=NTROP(2 , IP )
CALL I I D E X ( I , J ,N S IT E , I D , I I ,J J )
C W R IT E ( 6 , 9 0 8 ) I P , I , J , I I , J J
C908 F0RMAT(1X,'FOR O P ', 1 4 , '  I , J , I I , J J = ' ,414)
CALL R S IG N (S 1 , I I ,J J .N F l,N S IT E )
S=S*S1
NSSS=NF1(JJ)
N F 1 (J J )= N F 1 ( I I )
NF1( II)=NSSS 
I= ID ( J J )
I D ( J J ) = I D ( I I )
I D ( I I ) = I  
1000 CONTINUE
DO 20 1=1 ,NSITE 
20 N F ( I ) = N F 1 ( I )
RETURN 
C DEBUG SUBCHK 
END
SUBROUTINE I I D E X ( I , J , NSITE.NSTATE, I P , JP) 
DIMENSION NSTATE(NSITE)
DO 10 K=l,NSITE 










IF ( IP .E Q .O )  THEN
WRITE(6 ,1 1 ) 1 , J ,(N STATE(L),L=1 ,N S ITE)
END IF
11 FORMAT(IX,2 1 5 , '  NOT FOUND IN ’ ,915 )
30 RETURN
END
SUBROUTINE OHOP(NS, IP R ,N I,N F ,S )
IMPLICIT REAL*8(A-H,0-Z)
C NOTE: THIS PROGRAM MAKE 48 OPERATIONS OF OH GROUP
C WITH THE HELP OF EXISTING TDOP SUB-ROUTINE
DIMENSION N I (1 ) ,N F (1 ) ,N M (2 0 )













IF (N S ITE .N E .9 ) THEN 
W RITE(6,100)
100 F0RMAT(IX,'FATAL ERROR, INCORRECT NUMBER OF S ITE S ')  
STOP 
ENDIF
DO 1000 1=1,126 
DO 1000 J = 1 ,9 
1000 N S T V (I , J )=0
IF(NEL.EQ.O)RETURN
JQ=0
DO 10 NA=1,2 
DO 9 NB=1,2 
DO 8 NC=1,2 
DO 7 ND=1,2 
DO 6 NE=1,2 
DO 5 NF=1,2 
DO 4 NG=1,2 
DO 3 NH=1,2 
DO 2 N I= 1 ,2
NADD=NA+NB+NC+ND+NF.+NF+NG+NH+NI 



































IF (N T L . EQ. 1 ) RETURN 
MA=MAX0(M1,M2)
MB=MIN0(M1,M2)
IF(MA-MB.NE.1)G0 TO 1 
RETURN
1 IF(MA-MB.GT.2)G0 TO 2 
MC=MB+1












SUB TO FIND THE COEFFICIENTS OF DECOMPOSITION OF SPACE 
IMPLICIT REAL*8(A -H ,0-Z)
DIMENSION N P (1 0 ) ,C X IR (10 ,1 0 )  ,XNCS(10),CX(10)
DATA XNCS/1 . 0 , 8 . 0 , 3 . 0 , 6 . 0 , 6 . 0 ,
X 1 .0 , 8 . 0 , 3 . 0 , 6 . 0 , 6 .0 /
DATA ( ( C X IR ( I , J ) , J = 1 , 1 0 ) , I = 1 ,1 0 ) /1 0 *1 , .0,
2 1 .0 , 1 .0 , 1 .0 ,  - 1 . 0 , - 1 . 0 ,  1 .0 , 1 .0 , 1 .0 , - 1 . 0 , - 1 . 0 ,
3 2 .0 , - 1 . 0 ,
OooCM oCMOO - 1 . 0 , 2 .0 , 0 .0 , 0 .0 ,
4 3 .0 , 0 .0 , - 1 . 0 ,  1 .0 , - 1 . 0 ,  3 .0 , 0 .0 , - 1 .0 , 1 .0 , - 1 .0 ,
5 3 .0 , 0 .0 , - 1 . 0 ,  - 1 . 0 , 1 .0 ,  3 .0 , 0 .0 , - 1 .0 , - 1 . 0 , 1 .0 ,
6 1 .0 , 1 .0 , 1 .0 ,  - 1 . 0 , - 1 . 0 , - 1 . 0 , - 1 . 0 , - 1 . 0 , 1 .0 , 1 .0 ,




1 . 0 , - 1 . 0 , - 1 .0 , - 1 . 0 , - 1 . 0 , - 1 . 0 ,
8  2 .0 , - 1 . 0 , 2 .0 ,  0 .0 , O o 1 ro o 1 .0 , - 2 .0 , 0 .0 , 0 .0 ,




1 1 . 0 , - 3 . 0 , 0 .0 , 1 .0 , 1 .0 , - 1 . 0 ,
X 3 .0 , 0 .0 , - 1 . 0 ,  1 .0 , 1 *—» 0 1 w o 0 .0 , 1 .0 , - 1 . 0 , 1 .0 /
NCLASS=10
DO 10 1 = 1 ,NCLASS




WRITE(6,44) ( C X ( I ) , 1=1,NCLASS)
F0RMAT(1X,'THE CHARACTER FOR EACH CLASS IS ' ,1 5 F 1 0 .2 )
SUM=0. ODO
DO 20 1 = 1 ,NCLASS
SUM=SUM+XNCS( I )
DO 200 11=1,NCLASS 
X=0. ODO
DO 100 IJ=1,NCLASS
X = X + C X ( IJ ) *C X IR ( I I , IJ ) *X N C S (IJ )
X=X/SUM 
200 NP(11) = ID INT(X)
C WRITE(6,1 1 ) (N P ( I )  ,1 ,1  = 1 ,NCLASS)








DIMENSION NSUP(126,9),NSDN(126,9 ) , IC C (1 0 )
COMMON /Cl/NSUP,NSDN
COMMON /CP/NDIM,JUP,JDN,NSITE,NORB
DATA IC C /0 ,2 ,1 0 ,1 3 ,1 9 ,2 5 ,2 6 ,3 4 ,3 7 ,4 3 /
CX(l)=DFLOAT(NDIM)
DO 200 IC=2,NCLASS 
C X (IC )=0 . ODO 
INC=ICC(IC)
DO 100 IS=1,NDIM 
CALL FUD(IS ,LU, LD, JDN)
DO 50 I J = 1 , NORB 




DO 150 IJ=l,NORB 




I F ( (NFSUP. NE . NISUP). OR. (NFSDN.NE.NISDN))GOTO 100
S=SDN*SUP
CX(IC)=CX(IC)+S












FUNCTION LOCATE(IDIM, IMAT, IVAL)
C LOCATE FINDS THE INDEX FOR WHICH IMAT( LOCATE)= IV AL .
C LOCATE IS ASSIGN1ED ZERO IF  IMAT DOES NOT CONTAIN IVAL.
C NOTE: IMAT ENTRIES MUST BE IN INCREASING ORDER.







IF(LOCATE.EQ.MID)GO TO AO 
MID=LOCATE
IF(IMAT(LOCATE)- IV A L )20 ,50 ,30  
20 MIN=LOCATE 
GO TO 10 
30 MAX=LOCATE 













C TO CONVERT THE A SET BASIS STATE TO BINARY SERCHABLE NUMBERS 
SUBROUTINE SCHMIT(NS,NWEIT,WEIT,IER,NMX)
PARAMETER(MAXS=48)
C NOTE: APPLY SCHMIT ORTHONORMALIZATION PROCEDURE
C TO THE N(TH) STATE
IMPLICIT REAL*8(A-H ,0-Z)
DIMENSION NWEIT(NMX.MAXS), WEIT(NMX, MAXS) .WORK(MAXS).NWORK(MAXS) 
DIMENSION WORKl(MAXS).NWORKl(MAXS),WORK2(MAXS),NWORK2(MAXS) 
DIMENSION WORKS(MAXS).NWORKS(MAXS)




10 NWORKlfI)=NWEIT(NS, I )
IF  (N S .E Q .l)  GOTO 99 
NS1=NS-1
DO 1000 IS=1,NS1 
DO 1001 1=1,MAXS 
WORK2(I)=WEIT(IS, I )
1001 NWORK2(I)=NWEIT(IS,I)
CALL SCALAR(MAXS, MAXS.WORKS, WORK2.NWORKS,NW0RK2, W2S)
IF  (DABS(W2S).LT.1 .0D-14) GOTO 1000 
11 F0RMATC1X,'THE SCA-PROD IS = ' ,E 2 0 .5 )
DO 1010 1=1,MAXS 
1010 WORK2(I)=~WORK2(I)*W2S
CALL CHECKS( MAXS, MAXS, WORK1 ,NWORK1 ,WORK2, NWORK2, WORK, NWORK, IER) 










103 F0RMAT(1X/1X,' IN THE SCH THE SUM WORK1 I S ' / I X , 24F5.2 )
99 CALL XNORM(MAXS,WORK1 ,NWORK1 ,WORK)
122 FORMATfIX, ' IN THE SCH AFTER XNORM WORK I S ' / IX , 24F5.2 )
C TO SEE IF  N(TH) STATE .EQ. 0 
IER=0
DO 1500 1 = 1 ,MAXS
IF((DABS(W 0RK(I)) .G T .1 . O D-15). AND. ( NWORK1(I) . NE. 0 ) )  IER=1 




SUBROUTINE XN0RM(NS, W, NW, WF)




DO 710 1=1 ,NS 
W F ( I)= 0 . ODO
IF ( ( N W ( I ) . N E .O ).A N D .(W (I) . NE. 0 . ODO) ) SUM=SUM+W( I ) *W( I )
710 CONTINUE
I F ( SUM. L T . 1 . 0D -12) GOTO 1000 
SUM=DSQRT(SUM)
DO 720 1 = 1 ,NS 




NOTE: TO FIND THE SCALAR PRODUCT OF STATES W1,W2 OF DIM NS1,NS2 
NOTE: SUM IS THE PRODUCT 
IMPLICIT REAL*8(A-H ,0-Z)
DIMENSION W l(NS l),W 2(NS2),N1(NS1),N2(NS2)
SUM=0. ODO 
DO 10 1 = 1 ,NS1 
NM=N1(I)
IF(NM.EQ.O) GOTOIO 
DO 5 J=1,NS2 






SUBROUTINE CHECKS(NS1,NS2,W1,N1, W2,N2, WSUM,NSUM, ISUM)
NOTE: THIS PROGRAM WILL ADD THE TWO COMPOUND STATES TO FORM A 
A NEW COMPOUND STATE




DO 59 1=1 ,NS1 
NSUM(I)=0 
59 WSUM(I)=0. ODO 
C FIND THE DIFFERENT STATES IN N1,N2 
NDS=0
DO 1 1=1 ,NS1
I F ( N 1 ( I ) . EQ.0 )  W l ( I ) = 0 . ODO
1 CONTINUE
DO 2 1=1 ,NS2
I F ( N 2 ( I ) . EQ.0 )  W 2 ( I )= 0 . ODO
2 CONTINUE
DO 10 1=1 ,NS1 
IF ( N 1 ( I ) . E Q . 0 )GOTO10 
IF(NDS. EQ. 0 )GOT0100 
DO 20 J=1,NDS














C 13 FORHATCIX,'THE DIFF STATES ARE1, 815)
C TO ARRANGE THE STATE IN THE NSUM IN THE ASCENDING ORDER 
C IF  (N D S.EQ .l)  GOTO 310
C NDS1=NDS-1 
C DO 500 1=1,NDS1 
C 11=1+1
C DO 450 J = I 1 ,NDS , 1 






C ADD THE TWO STATES N1,N2 TOGETHER 




IF (N 1 (J ) .E Q .L )  SUM=SUM+W1(J)
610 CONTINUE
DO 620 J=1 ,NS2











SUBROUTINE SUMWS(NSTATE, W1 ,N1 , W2, N2, WSCX, ISUM)
C NOTE: THIS PROGRAM WILL ADD THE STATES OF A CLASS UP TO FORM 
C SYMMETRIZED STATES
C W1,N1 IS THE IN IT IA L  STATE 
C WSCX IS THE CHARATER 
C W2.N2 IS THE R E S U LT ,I .E .,  W2=WSCX*W1 
C ISUM=0 IF  W2.EQ.0 ; ISUM=1 IF  W2.NE.0 
IMPLICIT REAL*8(A -H ,0-Z)
DIMENSION Nl(NSTATE),W2(NSTATE),N2(NSTATE)
DIMENSION WSCX(NSTATE),W1(NSTATE)
DO 11 1 = 1 ,NSTATE 
W2(I)=0.ODO 
11 N 2 ( I )= 0
C TO FIND ALL DIFFERENT STATES 
NDS=0
DO 10 1 = 1 ,NSTATE 
I F ( N 1 ( I ) . E Q . 0 )GOTO10 
IF(NDS. EQ. 0)GOT0100 
DO 20 J=1,NDS 





13 FORMATC1X,'THE DIFF STATES ARE1, 815)
CC TO ARRANGE N2 IN ASCENDING ORDER 
C IF  (N D S.EQ .l) GOTO 550
C310 NDS1=NDS-1 
C DO 500 1=1,NDS1 
C 11=1+1
C DO 450 J - I 1 ,NDS,1 
C IF ( N 2 ( I ) . L T . N 2 ( J ) )  GOTO 450 
C L = N 2 ( I )
C N 2 ( I )= N 2 (J )
C N 2(J )=L  
C450 CONTINUE 
C500 CONTINUE 
CC TO SUM UP 
550 DO 600 1 = 1 ,NDS 
L = N 2 ( I )
DO 610 J=l,NSTATE
IF (N 1 (J ) .N E .L )  GOTO 610 
W 2(I)=W 2(I)+W l(J)*W SCX(J)
610 CONTINUE
IF(W 2(I).EQ.O.ODO) N 2 ( I )= 0  
600 CONTINUE 
CC TO CHECK IF  W2.EQ.0 OR NOT 
ISUM=0
DO 700 1=1 ,NDS






DIMENSION E ( l ) , N ( 1)
NMIN=1
DO 10 1=1,NDIM 
10 N ( I ) = I
IF (NDIM .EQ.1) RETURN 
NDIM1=NDIM-1 
DO 20 1=1,NDIM1 
11= 1+1 
IX = N ( I )
X=E(IX)
11 =  1
DO 30 J = I 1 ,NDIM 
K=N(J)
Y=E(K)
IF (Y .L T .X )  THEN
I I = J
X=Y
END IF  
30 CONTINUE
I F ( I I . N E . I )  THEN 
N ( I ) = N ( I I )
N (11 ) =IX 
END IF  
20 CONTINUE
X=E(N(1))
DO 40 1=2,NDIM 




C TO CONVERT THE A SET BASIS STATE TO BINARY SERCHABLE NUMBERS 
SUBROUTINE TRANS(NDIM, NSITE, NOS, NFS, LSTMX)
IMPLICIT REAL*8(A-H ,0-Z)
DIMENSION NOS(LSTMX,NSITE),NFS(LSTMX)
DO 100 1=1,NDIM 
NSUM=0












SUBROUTINE RSIGN(S, I 1 ,1 2 ,NS, NM)
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION NS(NM)
L=NS(I1)+NS(12 )-1  
IF ( L ) 1 0 ,20,30 
10 S=1. ODO
GOTO 1000 
30 S = -1 .ODO
GOTO 1000 
20 S=1. ODO
111=MIN0(11 , 12) + l  
I22=MAX0(11 ,1 2 ) -1  
DO 40 1=111,122 





NOTE TO CLASSIFY BASIS STATES TO SET OF INVARIANT SPACE OF OH GROUP 
NMX : THE MAX # OF TIMES OF CERTAIN IRR. REP.
3 : MAX DIM OF THE IRR REP OF THE SYMMETRY GROUP
NSTATE : THE # OF ELEMENTS IN THE SYMMETRY GROUP 
PARAMETER(NMX=1018,NSTATE=48)
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION WEIT(NMX, 3 , NSTATE),NWEIT(NMX, 3 , NSTATE),PR0J1(10,24) 
DIMENSION PR0J(20,48)
DIMENSION NWEITKNMX,NSTATE),NSUPBS( 1 2 6 ) ,NSDNBS(126)
DIMENSION WEIT1(NMX,NSTATE),SWEIT(NMX,NSTATE),NSWEIT(NMX,NSTATE) 
DIMENSION NSUP(1 2 6 ,9 ) ,NSDN(126,9)
DIMENSION NUP(9),NDN(9 ) ,MUPF(9 ) ,MDNF(9)
DIMENSION WS(NSTATE),NS(NSTATE), WFS(NSTATE)
DIMENSION NFS(NSTATE).NSUM(NSTATE),WSUM(NSTATE)
DIMENSION WCS(NSTATE),NISB(1 0 ) ,NSUM1(NSTATE),WSUM1(NSTATE) 




DATA ( ( P R 0 J 1 ( I , J ) , J = 1 ,2 4 ) , I = 1 ,1 0 ) /
1 3 6 * 1 .ODO, 1 2 * - 1 . ODO, 1 . ODO, 8 * - 0 . 5D0, 3 * 1 . ODO, 2 * - 0 . 5D0,
1 1 .ODO,2*-0. 5D0, 3 * 1 . ODO,4*-0. 5D0, 0 . ODO, 0 . 8660254D0, - 0 . 8660254D0,
1 0 . 8660254D0, - . 8660254D0, 0 . 8660254D0, - 0 . 8660254D0, 0 . 8660254D0,
1 - 0 . 8660254D0, 3 * 0 . ODO, 0 . 8660254D0, - 0 . 8660254DO, 0 . ODO, 0 . 8660254D0, 
1 - 0 . 8660254D0, 3 * 0 . ODO, 2 * - 0 . 8660254D0, 2 * 0 . 8660254D0,
1 1 . ODO, 8 * 0 . ODO, 1 . ODO, 3 * - 1 . ODO, 2 * 0 . ODO, - 1 . ODO, 6 * 0 . ODO, 2 * 1 . ODO,
1 2 * 0 . ODO, 1 . ODO, 0 . ODO, - 1 . ODO, 0 . ODO, - 1 . ODO, 0 . ODO, 1 . ODO, 5 * 0 . ODO,
185
1 1 .ODO, 2 * 0 . ODO, 2 * - 1 . ODO, 1 . ODO, 5 * 0 . ODO, - 1 . ODO, 0 . ODO , 1 . ODO, 0 . ODO,
1 - 1 . ODO, 0 . ODO, 1 . ODO, 5 * 0 . ODO, - 1 . ODO, 2 * 0 . ODO, 1 . ODO, 3 * 0 . ODO,
1 - 1 . ODO, 1 . ODO, 2 * 0 . ODO, 1 . ODO, 8 * 0 . ODO, 2 * - 1 . ODO, 1 . ODO, 2 * 0 . ODO, 1 . ODO, 
1 2 * 0 . ODO, 1 . ODO, 2 * - 1 . ODO, 6 * 0 . ODO, - 1 . ODO, 0 . ODO, 1 . ODO, 0 . ODO, -  1 .ODO,
1 0 . ODO, 1 . ODO, 4 * 0 . ODO, - 1 . ODO, 2 * 0 . ODO, 1 . ODO, 3 * 0 . ODO, 1 . ODO, - 1 . ODO,
1 3 * 0 . ODO, - 1 . ODO, 0 . ODO, - 1 . ODO, 0 . ODO, 1 . ODO, 0 . ODO, 1 . ODO, 4 * 0 . ODO,
1 1 . ODO, 2 * 0 . ODO, -  1 .ODO, 6 * 0 . ODO, 1 . ODO, -  1 . ODO/
DATA N I S B / 1 , 1 , 2 , 3 , 3 , 1 , 1 , 2 , 3 , 3 /
C CONSTRUCT THE PROJ-TION OPERATORS FROM TD-PROJ-OP 
DO 40 1=1,2 
110=1+10 




P R O J(I10 ,J2 4 )= -P R O J1 (I ,J )  '
PROJ(1 1 0 ,J 3 6 )= P R 0 J 1 ( I , J12)
P R O J ( I ,J )= P R 0 J 1 ( I ,J )
P R O J ( I ,J 1 2 )= P R O J l( I ,J 1 2 )
PROJ(1 1 0 ,J 1 2 )= -P R 0 J 1 ( I ,J12)
40 PROJ( 11 0 ,J)=PROJ1 ( I , J )
DO 45 1=3,10 
DO 45 J = 1 ,12 
J12=J+12
P R 0 J ( I ,J 1 2 )= -P R 0 J 1 ( I ,J 1 2 )
45 PROJ( I , J ) =PROJ1(1 , J )
DO 50 1=1,10 
DO 50 J = 1 ,24 
J24=J+24 
50 PROJ( 1 , J24)=PR0J( I ,J )
DO 53 1=3,10 
110=1+10 




PROJ(11 0 ,J )= P R O J ( I , J )
P R 0 J ( I1 0 ,J 1 2 )= -P R 0 J ( I ,J 1 2 )
PROJ( I 10 ,J 2 4 ) = -P R 0 J ( I , J24)
53 PROJ(1 1 0 ,J 3 6 )= P R 0 J ( I , J36)
C PRINT OUT PROJ 
C WRITE(6,51)
C DO 60 1=1,10
C60 WRITE(6,166 ) ( P R O J ( I , J ) , J = l , 2 4 )
C WRITE(6,51 )
C DO 65 1=1,10
C65 W RITE(6,166) ( P R O J ( I , J ) , J=25 ,48)
C WRITE(6 ,5 1 )
C DO 80 1=11,20
C80 WRITE(6,166 ) (P R O J(I , J ) , J = 1 ,24)
C WRITE(6,51)
C DO 90 1=11,20
C90 WRITE(6 ,1 6 6 )  (P R O J ( I ,J ) ,J = 2 5 ,4 8 )
C51 FOFMAT(IX, 1 PROJ IS ' )
166 FORMAT(IX, 24F5. 1 / )
C ASIGN THE # STARTING ROW IN THE PROJ-MATRIX 
C STOP
G O TO fl,1 , 1 , 2 , 3 , 1 , 1 , 1 , 2 , 3 ) ,ISY
1 ISYS=MOD(ISY,5)
IF ( IS Y .G T .5) ISYS=ISYS+10 
GOTO 55
2 ISYS=5
IF (IS Y .G T .S ) ISYS=ISYS+10 
GOTO 55
3 ISYS=8
IF ( IS Y . GT.5 )  ISYS=ISYS+10 
55 DO 10 K=1, NMX 
DO 10 J = 1 ,3 
DO 10 1=1,NSTATE 
WEIT(K,J,I)=O.ODO 
10 NWEITfK, J , I)= 0
DO 20 K=1,NMX 
DO 20 1=1 ,NSTATE 
WEIT1(K, I ) = 0 . ODO 
NWEIT1(K, I )=0 
SWEIT(K, I ) = 0 . ODO 
20 NSWEIT(K, I )= 0
NISY=0
DO 2501 1=1,NSTATE 
2501 WCS(I)=PROJ(ISYS, I )
DO 2400 IST=1,NDIM 
CALL FUD( I  ST, LU, LD, JDN)












C WRITE(6,502) ISYS 
502 F0RMAT(1X,'THE PROJ OP’ , 1 4 , '  IS ’ )
C W R ITE(6 ,602)(W C S(I) ,1=1 ,NSTATE)
C W R IT E (6 ,6 0 1 )(N S ( I ) ,1=1,NSTATE)
C WRITE(6,6 0 2 ) (W S ( I ) ,1 = 1 ,NSTATE)
601 FORMAT(IX,2415)
602 FORMAT(IX, 24F5.2 )
CALL SUMWS(NSTATE, WS, NS, WFS, NFS, WCS, ISUM)
C W R I T E ( 6 , 5 0 1 )
C W R IT E (6 ,6 0 1 )(N F S ( I) ,1 = 1 ,NSTATE)
C WRITE(6,6 0 2 ) ( WFS(I) , 1 = 1 , NSTATE)
501 FORMAT(IX,’ AFTER SUMWS')
IF(ISUM.EQ.O)GOTO 2400 
CALL XNORM( NSTATE,WFS,NFS,WS)






IF (N IS Y .E Q .1) GOTO 2522
CALL SCHMIT(NISY,NSWEIT,SWEIT,IER,NMX,NSTATE)
C WRITE(6,603) NISY.IER 
603 FORMAT(IX,'AFTER SCHMIT' , 1 4 , ' IER=’ ,14)
C WRITE(6,601)(N S W E IT (N IS Y , I ) ,1 = 1 ,NSTATE)
C W R IT E (6 ,602 )(S W E IT (N IS Y ,I) ,1 = 1 ,NSTATE) 
IF(IER.EQ.0)N ISY=NISY-1
2522 IF(NISY.EQ.MNTC) GOTO 2450 
2400 CONTINUE
2450 MDIM=NISB(ISY)
DO 2451 1=1,MNTC 
DO 2451 K=l,NSTATE 
W E IT ( I , 1 ,K )=SW EIT(I,K )
2451 N W EIT(I, 1 ,K)=NSW EIT(I,K)
IF  (MDIM.EQ.1) GOTO 999
C MNTC IS THE # OF TIMES ISY(TH) IRREDUCIBLE REPRESENTION OCCURS 
C MDIM IS THE DIM OF ISY(TH) IRREDUCIBLE REPRESENTION 
DO 3000 IR=1,MNTC 
DO 3010 J = 1 , MDIM 
DO 3010 1=1,NSTATE 
W ORK(J,I)=0. ODO 
3010 NWORK(J,I)=0
DO 2900 K=l,NSTATE
IF ((N S W E IT ( IR ,K ).E Q . 0 ) . OR. (S W E IT(IR ,K ).EQ . 0 . ODO)) GOT02900 
IST=NSWEIT(IR,K)
701 F0RMAT(1X,'FOR STATE*, 1 4 , f NUP,NDN=',214)
CALL FUD( IS T , LU, LD, JDN)













DO 2540 IRR=2,MDIM 
IRRY=IRR+ISYS-1 
DO 2525 1 = 1 ,NSTATE 
NSUM1 ( I ) =NWORK( IRR, I )
WSUM1(I)=WORK(IRR, I )
NWORK(IRR, I )= 0  
2525 WORK( IRR, I ) = 0 . ODO 
DO 2530 1 = 1 ,NSTATE 
2530 WCS(I)=PROJ( IRRY, I )
CALL SUMWS( NSTATE,WS,NS, WFS,NFS, WCS, ISUM)
CALL CHECKS(NSTATE,NSTATE,WFS,NFS,WSUM1, NSUM1, WSUM, NSUM,ISUM)







C WRITE(6 ,789 ) NSTATE,MDIM 
789 F0RMAT(1X,'NSTATE,MDIM',215)
DO 2950 IRR=2,MDIM 
DO 2950 1=1 ,NSTATE 
NWEIT(IR,IRR,I)=NWORK(IRR, I )
2950 W EIT(IR,IRR,I)=WORK(IRR,I)*XMDIM/XSITE 
3000 CONTINUE 
999 CONTINUE 
C DO 4000 IR=1,MNTC 
C DO 4000 IRR=1,MDIM 
C WRITE(6,6 )  IR ,IS Y ,IR R
C WRITE(6 ,66) (NW EIT(IR, IRR, I ) ,1  = 1 ,NSTATE)
C4000 WRITE(6 ,666) ( W EIT(IR , IRR, I ) , 1 = 1 , NSTATE)
6 F0RMAT(1X,'FOR', 1 4 , 'TH TIME OF THE REP. ' , 2 1 4 , ' TH BASIS STATE I S ' )  
66 FORMAT( I X ,2415)
666 FORMAT( I X , 24F5.2 )
9999 RETURN 
END
C -----------------------------    -







DO 10 MX=1,NDIM 
DO 10 J=l,NPRMX 
10 JV(MX,J)=0






DO 55 MA=1,JUP 






N X=N 2*N4*(1-N1)*(1 -N3)
IF (N X.N E.l)G O  TO 55 













DO 53 MC=1,JUP 













CALL SIGN( S2, NDN, NSDN, NA, NB, MB, LSTMX, NSITE) 
SN=S1*S2
IF (S N .L T .O .O )J= -J  





SUBROUTINE HUP(NSUP,JUP,NUP,NSITE, LSTMX,NPR,NPRTL,H,V,Z) 
IMPLICIT REAL*8(A-H ,0-Z)





DO 50 1=1,JUP2 
50 H ( I ) = 0 . ODO
IF (J U P .E Q . l)  GOTO 500 
DO 200 11=2,JUP 
111= 11-1 
DO 100 12=1,111 






1F(ISUM.EQ.2 )  THEN 




DO 20 ME=1,NSITE 
MX=MX+1
IF(MUS1.NE.O)GO TO 15 
IF(NDIF(ME).NE.0)MUS1=MX 
GO TO 20 











DO 30 MF=1,NPRTL 
IX=NPR(1,MF)-MUS1 
IY=NPR(2,MF)-MUS2 
I F ( I X . NE. 0)GO TO 30 




I F ( IPRU.NE.1)G0 TO 100
31 CALL SIGN(SGN,NUP,NSUP,MUSI,MUS2,II,LSTMX,NSITE) 
H(IA)=TER*SGN
END IF  
100 CONTINUE 
200 CONTINUE
DO 300 1=1,JUP2 








C  .......... .........................................................................................................
/ /*GO.FT15F001 DD DSN=PHDUAN.WFN,UNIT=DISK,DISP=SHR
/ /GO. FT16F001 DD DSN=PHDUAN.SQE,UNIT=DISK,DISP=SHR
/ /GO.FT03F001 DD DSN=PHDUAN.SQS,UNIT=DISK,DISP=SHR
/ /GO.FT26F001 DD DSN=PHDUAN.SQT,UNIT=DISK,DISP=SHR





































1 1 1 MT1,MT2,MT3







//SQUARE JOB ( 1 1 0 3 ,6 7 4 4 4 ,5 5 ,2 2 ) , 'PH.DUAN' ,MSGLEVEL=(0 ,0 )  , 
/ /  MSGCLASS=S
/*JOBPARM SHIFT=N 
/*ROUTE PRINT RMT4
/ /  EXEC FORTVCLG,REGION.FORT=4000K,
/ /  REGION.GO=4000K,TIME=999
//FORT.SYSIN DD *
C .............................................................................................................................
C PERIODIC ANDERSON MODEL
C CALCULATION
C FOR SQUARE CLUSTERS
C------------------------------------------------------------------------------------------------------------------
C NSITE=# OF SITES; NTL=# OF TOTAL ELECTRONS
C NPRTL=TOTAL NUMBER OF NEAREST NEIGHBOR PAIRS
c PARAMETERS IN THE MODEL: THOP(IS Z),EO,U AND V
c EIGENENERGIES ARE STORED IN EN ARRAY
c NOTE: SPH2CNT IRANMX) ,SCFT(NT,IRANMX,NCORTL)=SCFXYT
c NCORTL NUMBER OF PAIR S-SPF IS CALCULATED
c NPRS SPIN-C-FN. PAIRS
c NTI NUMBER OF TEMPERATURES WITH INTERVAL DTI
c SPH SPECIFIC HEAT
c SUSCO ZERO-FIELD MAGNETIC SUSCEPEILITY
c SUSCM F-ELECTRON MAGNITIC SUSCEPBILITY
c FOCTT F-ELECTRON LOCAL MOMENT
c NTMAX MAX // POINTS OF TEMPERATURE
c IRANMX MAX # OF POSSIBLE PARTITIONS OF NTL INTO
c
n __




DIMENSION NSUP(1 0 0 ,8 ) ,NSDN(1 0 0 ,8 ) ,NPR(50,2),NPRS(50,2) 




DIMENSION F0C(NDIMX, 1 0 ) , SPSITE(NDIMX,10)
DIMENSION QESCF(10,NDIMX)
DIMENSION ZF(NTMAX,1 0 ) ,SAVG(NTMAX,1 0 ) ,DSUS(NTMAX,1 0 ) ,TEM(NTMAX) 
DIMENSION ZFO(NTMAX.IO),EL(10),DSUSO(NTMAX, 1 0 ) ,EOA(1 5 ) ,NME(10) 
DIMENSION SPH2(NTMAX,10), SPH1(NTMAX, 1 0 ) ,SPINZ(20)
DIMENSION SCFT(NTMAX,1 0 ,1 0 ) ,NU1MIN(1 0 ) ,ND1MIN(10)
DIMENSION FOCT(NTMAX.IO),DSUSM(NTMAX,10)
DIMENSION NWEIT(NDIMS,2 ,8) ,W EIT(N D IM S,2,8 )
COMMON /C1/NSUP,NSDN 
COMMON /C2/NSUPBS,NSDNBS 
COMMON /CP/NDIM, JUP, JDN,NSITE,NORB 
COMMON /CN/NPR, NUP, NDN, NPRTL 




C NORB = NUMBER OF ORBITALS 
NSTATE=8
C NSTATE IS THE # OF ELEMENTS IN THE SYMMETRY GROUP
C DO 1876 1=1 ,NSTATE
C CALL TD0P(2,NU1MIN,ND1MIN3RS)
C W R IT E (6 ,9 87 5 ) I ,(N U 1 M IN (J ) ,J= 1 , NSTATE)
C1876 WRITE( 6 ,9874)(ND1MIN(J),J=1,NSTATE)
9875 FO R M A T(IX , '0 (1, 1 2 , ' ) | ' , 8 1 2 , ' > ' )
9874 FORMATC5X,'=|' , 8 1 2 , ’ > ' )
C STOP
9873 WRITE(6,801)
801 FORMATCIX,'PERIODIC ANDERSON MODEL CLUSTER CALCULATION’ ) 
READ(5, 100)NPRTL 
C NPRTL=TOTAL NUMBER OF NEAREST NEIGHBOR PAIRS
DO 1 1=1,NPRTL 
READ(5, 102)N P R (I, 1 ) ,N P R (I ,2 )
1 CONTINUE
WRITE( 6 ,803)NPRTL 
803 FORMATCIX,'LIST OF NEAREST NEIGHBOURS, TOTALS ',14)
WRITE(6,1 0 2 ) (NPR(1 , 1 ) ,NPR(1 ,2 ) ,1 = 1 ,NPRTL)
102 FORMATC215)
READ(5,100)NCORTL 
C NCORTL = NUMBER OF PAIRS FOR WHICH S-C-F IS CALCULATED
DO 771 1=1 ,NCORTL 
771 READ(5,102) NPRSf1 , 1 ) ,NPRSCI,2 )
C F-F  AND F-D CORRELATIONS TO BE CALCULATED
WRITEC6,887)
887 FORMATCIX,'LIST OF PAIRS IN CORRELATION CALCULATION') 
WRITEC6,1 0 2 )CNPRSC1, 1 ) ,NPRSC1,2 ) ,1 = 1 .NCORTL)
READ(5 ,*)U ,V ,Z  
101 FORMATC6F10.5)
READ(5,*)NEO
READC 5 , * ) (E O A ( I ) ,1 = 1 ,NEO)
READC5,*)NTL 
READ(5 ,* )T 0 0  
READC5 , * ) T 0 1 
READ(5 ,*)MT1,MT2,MT3 
READ(5 ,*)DT1,DT2,DT3 
READ(5 , * )  B 
5671 NT=MT1+MT2+MT3




DO 990 1=3,MT1 
K=K+1
990 TEMCK)=TEM( K - 1 )+DT1
IFCMT2.LT.1) GOTO 1991 




1991 IFCM T3.LT.1) GOTO 1992 
DO 1980 1=1 ,MT3 
K=K+1
1980 TEM(K)=TEM(K-1)+DT3 
106 FORMATC1 5 ,3F10 .5)














WRITE( 3 ,8 0 5 ) Z,EO, U, V,NTL,NT
804 FORMATCIX,'MODEL PARAMETERS Z,EO,U, V,NTL=1/ IX , 4F10.5 ,1 5 )
805 FORMATCIX,'MODEL PARAMETERS Z ,E O ,U ,V ,N T L ,N T = '/1X ,4F 10 .5 ,2 1 5 )
904 FORMATCIX,'MODEL PARAMETERS Z = ' , F 1 0 . 5 , ' ,  EO=’ ,F 1 0 . 5 , 1, U = ' ,F 1 0 .5 ,  
1 ' ,  V = ' ,F 1 0 . 5 , ' ,  N T L= ',14 )
W R ITE(6,888)E1,E2,E3,E4,E5,E6 
888 FORMATCIX,'SINGLE PARTICLE ENERGIES' , 6F15.8 )
DO 1003 I=1,NTMAX 
DO 1003 IRAN=1,10 
ZFC I, IRAN)=0. 0D0 
ZFOCI, IRAN)=0. 0D0 
DSUSCI, IRAN)=0. 0D0 
DSUSOCI, IRAN)=0. 0D0 
DSUSMCI, IRAN)=0. ODO 
SPH1CI, IRAN)=0. ODO 
SPH2CI, IRAN)=0. ODO 
SAVGCI, IRAN)=0. ODO 
FOCTCI, IRAN)=0.ODO 
DO 1003 IPR=1,NCORTL
1003 S C F T (I , IPR , IRAN)=0. ODO 
DO 300 IRAN=1,NTL 
NUP=NUPST-IRAN 
IFCNUP.LE. 0)GO TO 301 
NDN=NTL-NUP





CALL GENLSTC NDN, NORB, JDN, NSDN)
NDIM=JUP*JDN
WRITEC6,103)NUP,JUP,NDN, JDN, NDIM
WRITE(1 6 ,103)NUP,JUP,NDN, JDN,NDIM 
IF(NDIM.GT.NDIMX)STOP 
103 FORMAT(IX,'NUP,JUP,NDN,JDN,NDIM=’ ,515)
C FIND THE ATOMIC SPIN ON EACH SITE 
JQ=0
DO 333 IA = 1 ,JUP 
DO 333 IB = 1 ,JDN 
JQ=JQ+1
C WRITE(6,1033)JQ,(NSUP(IA,K),K=1,NORB), (NSDN(IB,K),K=1,NORB) 
1033 FORMATCIX,1 5 ,8 1 4 ,2X ,814)
DO 330 J = 1 , NSITE 
330 SPSITECJQ, J )=  DFLOAT(NSUPCIA,J)-NSDN(IB, J ) ) / 2 . ODO 
333 CONTINUE




DO 3020 IA = 1 ,JUP 










DO 500 ISY=1,5 
S=XNP(ISY)
MNTC=IDINTCS)
IFCMNTC.EQ.O) GOTO 500 
IFCMNTC.GT.NDIMS) STOP 
CALL SYBASECMNTC, ISY,MDIM, WEIT,NWEIT)
WRITEC6,7850) ISY.MDIM,MNTC 
7850 FORMATCIX,’ FOR THE R E P ',1 4 , '  WITH DIM * , 1 4 , ’ AND T IM E S = ', I4 )  
DO 5000 ISM=1,MDIM 
IF ( IS M .N E . l )  GOTO 5876 
DO 5100 1=1,MNTC 
ENW(I)=0. ODO 
DO 5100 J=1,MNTC 
HW(I, J ) = 0 . ODO 
5100 ZDUMWCI, J ) = 0 .ODO 
DO 5200 IA=1,MNTC 
DO 5200 JB=IA,MNTC 
DO 5220 1=1,NSTATE 
I1=NWEITCIA, ISM, I )
IF C I l .E Q .O )  GOTO 5220 
DO 5220 J=l,NSTATE 
J1=NWEIT(JB, ISM,J )
IFCJ1.EQ.0) GOTO 5220
C FUNCTION H IA B ( IA , I B ,JDN, Z , EO,U, V)
X = H IA B ( I1 ,J 1 ,Z ,E 0 ,U ,V )
HW(IA, JB)=HW(IA, JB )+W E IT(IA ,IS M , I )*W E IT (JB , ISM, J ) *X  
5220 CONTINUE
IA B = IA + J B * (J B - l ) /2  
HWV(IAB)=HW(IA,JB)
IF ( IA .E Q .J B )  GOT05200 
HW(JB, IA )=HW (IA , JB)
5200 CONTINUE
0==========================================================:
C CALL EIGRSfNDIMS,MNTC, HW,ENW, WK, ZDUMW, IER)
CALL EIGRS(HWV,MNTC, 2 ,ENW,ZDUMW,NDIMS,WK, IER)
DO 7839 1=1,HNTC 
7839 W RITE(6,7837) (H W (I , J ) ,J = 1 , MNTC)
7837 FORMAT(1X.8F15.8)
WRITEC6 ,5302) IER 
5302 FORMATCIXi' IN THE PROCESS OF DIAGNOLIZATION IER=’ , I 4 )  
9876 DO 7830 I=1,MNTC 
JQ=JQ+1 
ENCJQ)=ENWCI)
DO 9101 J=1,NDIM 
9101 ZDUM(J)=0. ODO
DO 7820 J=1,MNTC 





C QUANTUM EXPECTATION OF SCF .................................................................
C QUANTUM EXPECTATION OF S C F  ------------ --------------------------------




DO 3010 11=1,NDIM 
XY=ZDUM(II)
XY=XY*XY
FOUP=FOUP+DFLOAT C NFUPC11) )*XY 
FODN=FODN+DFLOATC NFDNC11) ) *XY 
DO 3010 IJK=1,NCORTL 
I1=NPRS(IJK,1 )
I2=NPRS(IJK,2 )
3010 SPINZCIJK)=SPINZCIJK)+SPSITECII, I 1 ) * S P S IT E ( I I , I2 )*X Y  
FOC C JQ, IRAN) = C FOUP+FODN) / DFLOAT( NSITE)
Fll=FOUP-FODN 
AM1CJQ)=F11*F11/4.0D0 






C..............................  OUTPUT EIGENENERGIES---------------------- ----------- ------------
5432 WRITE(6,6601)
WRITE(16,6601)
DO 7790 I=1,NDIM,5 
14=1+4
IF (I4 .G T .N D IM ) I4=NDIM
W R IT E (6 ,1 0 5 ) I , (E N (K I ) ,K I= I , I4 )
W R IT E (1 6 ,1 0 5 ) I , ( E N (K I ) ,K I= I , I4 )
7790 CONTINUE 
105 FORMATC1 5 ,15E20.8)
6601 FORMATCIX,'THE EIGENENERGIES ARE')
C .................. FINISH OUTPUT EIGENENERGIES------------------------ ---------




IF  CNDIM.EQ.l) GOTO 3700 
DO 3700 IXY=2, NDIM
IF  CDABS(EMIN-ENCIXY)).LT.1.0D-13) GOTO 3721 
















3022 FORMATCIX,1 5 ,9E15.6)
DO 3050 IJK=1,NMIN 
K=NME(IJK)
3050 WRITEC6 ,3 0 1 l)FOCCK,IRAN),AMlCK)
3011 FORMATCIX,'FOR GROUND STATE AT EACH SITE <NCF)> = ' ,E 1 5 .9 /  
11X,'TOTAL F-ELECTRON MOMENT <S(F)*SCF)> = ’ ,E 15 .9 )
C END OF EMIN ;QE-SCF AND BEGINNING OF THERMAL QUANTITIES —  
AM=0. 5DO*DFLOATCNUP-NDN)










DO 95 J=1,NDIM 
BEJ=(EN (J)-EM IN)/T  







DO 9902 IPR=1,NCORTL 
9902 SPINZ( IPR)=SPINZ( IPR)+QESCF( IPR, J)*EBE.J
95 CONTINUE
96 XM=GAM*AM
IF(NUP. EQ. NDN)GO TO 97 
SPH1( I , IRAN)=SPH1(I, IRAN)+2. D0*DSH1 
S P H 2(I , IRAN)=SPH2(I, IRAN)+ 2 .D0*DSH2 
FO CT(I, IRAN)=FOCT(I, IRAN)+2. ODO*DSFO 





Z F ( I , IR A N )= Z F (I , IRAN)+SXXZ 
Z F 0 ( I , IR A N )=ZF0(I, IRAN)+ 2 .0*DSFM 
CAVG(I, IRAN)=SAVG(I, IRAN)+SYYZ 
DSUSCI, IRAN)=DSUS(I, IRAN)+SZZZ 
DSUS0(I, IRAN)=DSUSO(I, IRAN)+SZZ0 
DO9903 IPR=1,NCORTL 
9 903 S C FT(I, IPR , IRAN)=SCFT(I, IPR, IRAN)+ 2 .D0*SPINZ(IPR) 
GOTO 98
97 CONTINUE
DSUSM(I, IRAN)=DSUSM(I, IRAN)+DSFOS 
Z F ( I , IR A N )= Z F (I , IRAN)+DSFM 
SPH1CI, IRAN)=SPH1(I,IRAN)+DSH1 
SPH2( I , IRAN)=SPH2(I, IRAN)+DSH2 
FO CT(I, IRAN)=FOCT(I, IRAN)+DSFO 
Z F 0 ( I , IR AN )=ZF0(I, IRAN)+DSFM 
D09904 IPR=1,NCORTL 





DO 299 IRAN=1,IRANMX 






111 F0RMATC1X,'THE E -M IN = ',E 1 5 . 8 , ’ WHEN N U P = ' , I 3 , ’ AND N D N = ', I3 )  
WRITEC6,112)
WRITEC26,112)
112 FORMAT(IX,' T, SPH, SUSCO, SUCF, FOCCT 
1 FOLLOWS’ )
DO 305 1=1 ,NT 
T=TEM(I)
DO 302 IRAN=1,IRANMX 
IF(IRAN.EQ.NMIN)GO TO 302 
ARG=(EL(IRAN)-EMIN)/T 
IF(ARG.GE.6 5 .DO)GO TO 302 
ARG=DEXP(-ARG)
SAVG(I ,NMIN)=SAVG(I ,NMIN)+SAVG(I, IRAN)*ARG 
Z F ( I ,N M IN )= Z F ( I ,N M IN )+ Z F ( I , IRAN)*ARG 
Z F 0 (I ,N M IN )= Z F 0 (I ,N M IN )+ Z F 0 ( I , IRAN)*ARG 
DSUS(I ,NMIN)=DSUS(I,NMIN)+DSUS(I, IRAN)*ARG 
DSUS0(I ,NMIN)=DSUS0(I ,NMIN)+DSUSO(I, IRAN)*ARG 
DSUSM(I,NMIN)=DSUSM(I,NMIN)+DSUSM(I, IRAN)*ARG 
SP1I1( I , NMIN)=SPH1( I , NMIN)+SPH1( I , IRAN)*ARG 
SPH2(I,NM IN)=SPH2(I,NM IN)+SPH2(I, IRAN)*ARG 
FOCT(I,NMIN)=FOCT(I,NMIN)+FOCT(I, IRAN)*ARG 
D09905 IPR=1,NCORTL 
9905 S C F T (I , IPR,NMIN)=SCFT(I, IPR,NMIN)+SCFT(I, IPR , IRAN)*ARG 
302 CONTINUE
SAVG(I,NMIN)=SAVG(I,NMIN)/ZF(I,NMIN)
SUSC=(DSUS(I,NMIN)/ZF(I,NMIN)-SAVG(I,NM IN)*SAVG(I,NMIN))/T  









DO 906 IPR=1,NCORTL 
906 S C FT(I, IPR,NMIN)=SCFT(I, IPR,NM IN)/ZF0(I,NM IN)
WRITEC 6 ,7 7 3 )T,SPH, SUSCO,SUSCM,FOCTT 





3534 FORMATC2X,'THE T AND SPIN-CO-FUNCTION OF Z-COMPONENT ' / I X ,
1 'D-D ON SITE, F-F  ON SITE, D-F ON SITE, D-F OFF SITE. F-F  OFF SI 
1TE.D-D OFF S IT E ')
DO 3533 IJ=1,N T
WRITEC3 ,3 5 3 1 ) IJ ,T E M C IJ ) , CSCFTCIJ, IJK .N M IN ), IJK =1 , NCORTL)
WRITEC6,3 5 3 1 ) IJ ,T E M C IJ ) , (S C FTC IJ ,IJK ,N M IN ), IJK =1 , NCORTL)





115 FORMAT(IX,'END OF DATA.1)
STOP
END
SUBROUTINE SPE(E1, E2, E 3,E 4 , E 5 ,E 6 , Z , V,EO)
IMPLICIT REAL*8(A-H.O-Z)














C E3 AND E4 ARE THE SPATIALLY NONDEGENERATE STATES
E5=EO 
E6=0. ODO
C E5 AND E6 ARE THE DOUBLY DEGENERATE STATES
RETURN 
END
SUBROUTINE GENLSTfNEL, NSITE, JQ,NSTV)
DIMENSION NSTV(1 0 0 ,8 )
JQ=1
IF (N S IT E . EQ. 8)GO TO 1 
WRITE(6,100)
100 FORMATCIX,'FATAL ERROR, INCORRECT NUMBER OF S ITES ')
STOP 
1 CONTINUE
DO 1000 1=1,100 
DO 1000 J = 1 ,8 
1000 N STV(I, J )=0
IF (N E L . EQ. 0)RETURN 
JQ=0
DO 10 NA=1,2 
DO 9 NB=1,2 
DO 8 NC=1,2 
DO 7 ND=1,2 
DO 6 NE=1,2 
DO 5 NF=1,2 
DO 4 NG=1,2 
DO 3 NH=1,2
NADD=NA+NB+NC+ND+NE+NF+NG+NH 

























IF(N TL .E Q .1 )RETURN 
MA=MAX0(M1,M2)
MB=MIN0(M1,M2)
IF(MA-MB. NE. l)GO TO 1 
RETURN














C NOTE TO CLASSIFY BASIS STATES TO SET OF INVARIANT SPACE OF TD GROUP 
PARAMETER( NMX=100,NSTATE=8)
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION WEIT(NMX,2 ,NSTATE),NWEIT(NMX,2 ,NSTATE),PR0J(6,NSTATE) 
DIMENSION NWEIT1(NMX, NSTATE),NSUPBS(1 0 0 ) ,NSDNBS(100)
DIMENSION WEIT1 (NMX, NSTATE) , SWEIT( NMX, NSTATE) , NSWEIT( NMX,NSTATE) 









COMMON /CP/NDIM, JUP,JDN,NSITE.NORB 
DATA N IS B /1 ,1 ,1 ,1 ,2 /
DATA ( ( P R O J ( I , J ) , J= 1 ,8 ) , 1  = 1, 6 ) /
1 8 * 1 . ODO,
1 l.ODO, - 1 . ODO, - 1 . ODO,
1 l.ODO, - l .O D O , - l .O D O ,
1 l.ODO, l.ODO, l.ODO,
1 l.ODO, O.ODO, O.ODO,
1 O.ODO, - l.O D O , l.ODO,
ISYS=ISY 
5 DO 10 K=1, NMX 
DO 10 J = 1 ,2 
DO 10 1=1,NSTATE 
WEIT(K,J,I)=O.ODO 
10 N W E IT (K ,J ,I)=0  
DO 20 K=1,NMX 
DO 20 1=1,NSTATE 
WEIT1(K,I)=O.ODO 
NWEIT1(K, I )= 0  
SWEIT(K,I)=O.ODO 
20 NSWEIT(K, I )= 0  
NISY=0
DO 2501 1=1 ,NSTATE 
2501 WCS(I)=PROJ( ISYS , I )
DO 2400 IST=1,NDIM 
CALL FUD(1ST,LU,LD,JDN)
DO 2410 J=1,N0RB 
NUP(J)=NSUP(LU, J )
2410 NDN( J ) =N SDN( LD, J )









C WRITE(6 ,5 0 2 )  ISYS
502 FORMATCIX,'THE PROJ O P ', 1 4 , '  I S ' )
C W R ITE(6 ,602)(W C S(I) ,1 = 1 ,NSTATE)
C W R IT E (6 ,6 0 1 )(N S ( I) ,1 = 1 ,NSTATE)
C W R IT E (6 ,6 0 2 )(W S ( I) ,1=1 ,NSTATE)
601 FORMATCIX,2415)
602 FORMATCIX,24F5.2)
CALL SUMWSCNSTATE, WS, NS, WFS, NFS, WCS, ISUM)
C WRITEC6.501)
l . ODO,  - l . OD O,  - l . O D O ,  l . ODO,  1 
l . ODO,  l .ODO,  1 . ODO, - 1 . ODO, - 1  
l . ODO,  - l . O D O ,  - 1 . ODO, - 1 . ODO, - 1  
- l . O D O ,  l .ODO,  - l . O D O ,  O.ODO, 0 






C W R I T E ( 6 , 6 0 1 ) ( N F S ( I ) , 1 = 1 . N S T A T E )
C W R ITE (6 ,602 )(W F S (I) ,1=1 ,NSTATE)
501 FORMATCIX,'AFTER SUMWS')
IF(ISUM.EQ. 0)GOTO 2400 
CALL XNORM( NSTATE,WFS, NFS,WS)
C W R IT E (6 ,6 02 )(W S (I) ,1=1,NSTATE)
NISY=NISY+1 
DO 2521 J=l,NSTATE 
SWEIT(NISY, J)=WS(J)
NSWEIT(NISY,J )= N F S (J ) ’
2521 CONTINUE 
IF (N IS Y .E Q .1) GOTO 2522
CALL SCHMIT(NISY,NSWEIT,SWEIT,IER)
C WRITE(6,603) NISY.IER
603 FORMATCIX,'AFTER SCHMIT' , 1 4 , ' IER=’ ,14)
C WRITE(6,601)(NSWEITCNISY, I ) ,1 = 1 ,NSTATE)
C WRITEC6 ,6 0 2 )CSWEITCNISY, 1 ) , 1 = 1 ,NSTATE)
IF ( IE R .EQ.0 )NISY=NISY-1
2522 IFCNISY. EQ.MNTC) GOTO 2450 
2400 CONTINUE
2450 MDIM=NISB(ISY)
DO 2451 1=1,MNTC 
DO 2451 K=l,NSTATE 
W E IT ( I , 1 ,K)=SW EIT(I,K)
2451 NWEITCI,1,K)=NSWEITCI,K)
IF  CMDIM.EQ.l) GOTO 999
C MNTC IS THE U OF TIMES ISY(TH) IRREDUCIBLE REPRESENTION OCCURS 
C MDIM IS THE DIM OF ISY(TH) IRREDUCIBLE REPRESENTION 
DO 3000 IR=1,MNTC 
DO 3010 J=1,MDIM 
DO 3010 1=1,NSTATE 
WORK(J, I ) = 0 . ODO 
3010 NWORKCJ, I )= 0
DO 2900 K=l,NSTATE
IFC CNSWEITCIR,K).EQ.O). OR. (SW EIT(IR ,K).EQ. 0 . ODO)) G0TO2900 
IST=NSWEITCIR,K)
701 FORMATCIX,'FOR STATE' , 1 4 , ' NUP,NDN=',2 1 4 )
CALL FUDCIST, LU, LD, JDN)
DO 2910 J=1,NORB 
NUPCJ)=NSUP(LU,J)
2910 NDN(J)=NSDN(LD,J)












DO 2525 1=1 ,NSTATE 
NSUM1(I)=NWORK(IRR, I )
WSUM1(I)=WORK(IRR, I )
NWORK(IRR, I )= 0  
2525 WORK(IRR, I ) = 0 . ODO 
DO 2530 1=1.NSTATE 
2530 WCS(I)=PROJ( IRRY, I )
CALL SUMWS( NSTATE, WS, NS, WFS, NFS,WCS, ISUM)
CALL CHECKS( NSTATE, NSTATE, WFS, NFS, WSUM1 , NSUM1 ,WSUM, NSUM, ISUM)







C WRITE(6,789) NSTATE,MDIM 
789 F0RMAT(1X,'NSTATE,MDIM',215)
DO 2950 IRR=2,MDIM 
DO 2950 1 = 1 , NSTATE 
NW EIT(IR, IRR, I)=NW0RK(IRR, I )
2950 W EIT(IR ,IRR,I)=W ORK(IRR, I)*XMDIM/XSITE 
3000 CONTINUE 
999 DO 4000 IR=1,MNTC 
DO 4000 IRR=1,MDIM 
WRITEC6 ,6 )  IR ,IS Y ,IR R
WRITEC6 ,6 6 )  CNW EITCIR .IRR.I),1 = 1 .NSTATE)
4000 WRITEC6,666 ) CWEITCIR, IRR, I ) , 1 = 1 .NSTATE)







C NOTE: APPLY SCHMIT ORTHONORMALIZATION PROCEDURE









10 NWORK1CI)=NWEITCNS, I )
IF  CNS.EQ.l) GOTO 99 
NS1=NS-1
DO 1000 IS=1,NS1 





1001 NWORK2CI)=NWEIT(IS, I )
CALL SCALAR(MAXS, MAXS, WORKS,WORK2, NWORKS,NWORK2, W2S)
IF  (DABSCW2S).LT.1.0D-1A) GOTO 1000 
11 FORMATCIX,'THE SCA-PROD IS = ' ,E 2 0 .5 )
DO 1010 1=1 ,MAXS 
1010 WORK2 ( I)=-WORK2( I)*W2S
CALL CHECKS( MAXS, MAXS, WORK 1 ,NWORK1 ,WORK2, NWORK2, WORK, NWORK, IER) 




103 FORMATC1X/1X,'IN THE SCH THE SUM WORK1 I S ' / I X , 24F5.2 )
99 CALL XNORMCMAXS,W0RK1,NW0RK1 ,W0RK)
122 FORMATCIX,'IN THE SCH AFTER XNORM WORK I S ’ / I X , 24F5.2 )
C TO SEE IF  N(TH) STATE .EQ. 0 
IER=0
DO 1500 1=1,MAXS





SUBROUTINE XNORM(NS, W, NW, WF)




DO 710 1=1,NS 
WFCI)=0.0D0
IF(CNW CI).NE.O).AND.CW (I). NE. 0 . ODO) )SUM=SUM+W(I)*W(I)
710 CONTINUE
IFCSUM.LT.1 .OD-12) GOTO 1000 
SUM=DSQRT(SUM)





NOTE: TO FIND THE SCALAR PRODUCT OF STATES W1,W2 OF DIM NS1,NS2 




DO 10 1=1,NS1 
NM=N1(I)
IF(NM.EQ.O) GOTOIO 
DO 5 J=1,NS2 







SUBROUTINE CHECKS(NS1 ,NS2, W1,N1,W2,N2, WSUM,NSUM, ISUM)
C NOTE: THIS PROGRAM WILL ADD THE TWO COMPOUND STATES TO FORM A 
C A NEW COMPOUND STATE
C W1,N1;W2,N2 ARE THE STATES, WSUM,NSUM ARE THE SUM-STATE
IMPLICIT REAL*8(A -H ,0-Z)
DIMENSION N1(NS1),W2(NS2),N2(NS2),W1(NS1),WSUM(NS1),NSUM(NS1) 
DO 59 1=1 ,NS1 
NSUM(I)=0 
59 WSUM(I)=0. ODO 
C FIND THE DIFFERENT STATES IN N1,N2 
NDS=0
DO 1 1=1,NS1
IF ( N 1 ( I ) .E Q .0 )  W l ( I ) = 0 . ODO
1 CONTINUE
DO 2 1=1 ,NS2
I F ( N 2 ( I ) . EQ.0 )  W 2 ( I )= 0 . ODO
2 CONTINUE
DO 10 1=1 ,NS1 
I F ( N 1 ( I ) . EQ. 0 )GOTO10 
IF(NDS. EQ. 0)GOT0100 
DO 20 J=1,NDS





DO 110 1=1 ,NS2 
IF ( N 2 ( I ) . E Q . 0 ) GOTO 110 
IF(ND S.EQ. 0 )GOTO 1100 
DO 120 J=1,NDS





C 13 FORMAT(IX,'THE DIFF STATES A R E ',815)
C TO ARRANGE THE STATE IN THE NSUM IN THE ASCENDING ORDER 
IF  (NDS.EQ.1) GOTO 310 
NDS1=NDS-1 
DO 500 1=1,NDS1 
11= 1+1













C ADD THE TWO STATES N1,N2 TOGETHER 
310 DO 600 1=1 ,NDS 
L=NSUM(I)
SUM=0. ODO 
DO 610 J=1,NS1 
IF (N 1 (J ) .E Q .L )  SUM=SUH+W1(J)
610 CONTINUE
DO 620 J=1,NS2





DO 700 1=1 ,NDS




SUBROUTINE SUMWS(NSTATE, W1,N1, W2,N2, WSCX, ISUM)
NOTE: THIS PROGRAM WILL ADD THE STATES OF A CLASS UP TO FORM 
SYMMETRIZED STATES 
W1,N1 IS THE IN IT IA L  STATE 
WSCX IS THE CHARATER 
W2,N2 IS THE R ESULT,I.E ., W2=WSCX*W1 




DO 11 1=1 ,NSTATE 
W2(I)=0.ODO 
11 N 2 ( I )= 0
C TO FIND ALL DIFFERENT STATES 
NDS=0
DO 10 1=1 ,NSTATE 
IF ( N 1 ( I ) . E Q . 0 )GOTO10 
IF(NDS. EQ. 0)GOT0100 
DO 20 J=1,NDS





13 FORMAT(IX, ' THE DIFF STATES A R E ',815)
CC TO ARRANGE N2 IN ASCENDING ORDER 
IF  (N D S.EQ .l)  GOTO 550 
310 NDS1=NDS-1
DO 500 1=1,NDS1 
1 1 = 1+1
DO 450 J = I 1 ,NDS,1

























TO SUM UP 
DO 600 1=1,NDS 
L=NNST(I)
DO 610 J=l,NSTATE 
IF (N 1 (J ) .N E .L )  GOTO 610 
W 2(I)=W 2(I)+W l(J)*W SCX(J)
N 2 ( I )= L  
CONTINUE 
CONTINUE 
TO CHECK IF  W2.EQ.0 OR NOT 
ISUM=0
DO 700 1=1,NDS





SUB TO FIND THE COEFFICIENTS OF DECOMPOSITION OF SPACE 
IMPLICIT REAL*8(A~H,0-Z)
DIMENSION X N P (5 ),C X IR (5 , 5 ) , XNCS(5 ) , CX(5)
DATA XNCS/1.0 , 2 . 0 , 1 . 0 , 2 . 0 , 2 . 0 /
DATA C X IR /1 .0 ,  1 .0 ,  1 .0 ,  1 .0 ,  2 .0 ,
X 1 .0 ,  - 1 . 0 ,  - 1 . 0 ,  1 .0 ,  0 .0 ,
X 1 .0 ,  1 .0 ,  1 .0 ,  1 .0 ,  - 2 .0 ,
X 1 .0 ,  - 1 . 0 ,  1 .0 ,  - 1 . 0 ,  0 .0 ,
X 1 .0 ,  1 .0 ,  - 1 . 0 ,  - 1 . 0 ,  0 .0 /
NCLASS=5
DO 10 1=1,NCLASS
WRITE(6 ,2 2 )  ( C X I R ( I , J ) , J = 1 ,5 )
FORMATCIX,5F10.5)
WRITE(6,22) (X N C S (J ) ,J= 1 ,5 )
CALL XATCNCLASS,CX)
WRITE(6 ,44) ( C X ( I ) , I  = 1,NCLASS)
FORMATCIX,'THE CHARACTER FOR EACH CLASS IS ' ,1 5 F 1 0 .2 )
DO 200 I 1=1,NCLASS 
X N P (I1 )= 0 . ODO 
DO 100 IJ=1.NCLASS
XNP( 11)=XNPC11)+CX(IJ)*CXIRC11 , IJ)*XNCSCIJ)
X N P (I1 )= X N P C Il ) /8 . ODO 
WRITEC6 ,1 1 ) (X N P (I) , I ,1 = 1 ,5 )
FORMATCIX,'THERE ARE' ,F 1 0 . 2 , 2X, 1 4 , 'TH IRREDUCIBLE R E P . ')
RETURN
END




DIMENSION NSUP(1 0 0 ,8 ) ,NSDN(1 0 0 ,8 ) , ICC(5)
COMMON /Cl/NSUP,NSDN 
COMMON /CP/NDIM,JUP, JDN,NSITE 
DATA IC C /0 ,2 ,4 ,5 ,7 /
NORB=2*NSITE 
CX(l)=DFLOAT(NDIM)
DO 200 IC=2,NCLASS 
CX(IC)=0.0D0 
INC=ICC(IC)
DO 100 IS=1,NDIM 
CALL FUD(IS,LU,LD,JDN)
DO 50 IJ=1,NORB 




DO 150 IJ=l,NORB 




IF((NFSUP. NE. NISUP). OR. (NFSDN. NE. NISDN))GOTO 100
S=SDN*SUP
CX(IC)=CX(IC)+S







IFCLD.EQ.O)  LD=JDN 




FUNCTION LOCATE( ID IM , IMAT, IVAL)
C LOCATE FINDS THE INDEX FOR WHICH IMAT(LOCATE)=IVAL.
C LOCATE IS ASSIGN1ED ZERO IF  IMAT DOES NOT CONTAIN IVAL.
C NOTE: IMAT ENTRIES MUST BE IN INCREASING ORDER.





10 LOCATE=(MIN+MAX) / 2
IF(LOCATE.EQ.MID)GO TO 40 
MID=LOCATE









C ....................................  - --------- ------------------------------------ ------------------------








C TO CONVERT THE A SET BASIS STATE TO BINARY SERCHABLE NUMBERS 
SUBROUTINE TRANS(NDIM,NSITE,NOS,NFS)
IMPLICIT REAL*8(A-H ,0-Z)
DIMENSION NOS( 1 0 0 ,8 ) ,  NFS(100)
IF (N S IT E . NE.8 )  GOTO 200 








200 WRITE(6 ,1 )
STOP
1 FORMAT(IX,'THE FATAL ERROR THE NSITE IS WRONG IN THE SUB TRANS') 
300 RETURN 
END
SUBROUTINE RSIGN(S, I 1 ,1 2 ,NS,NM)
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION NS(NM)
L=NS(11)+NS(1 2 ) -  1 
I F ( L ) 10 ,20 ,30  
10 S=1. ODO
GOTO 1000 
30 S = -1 . ODO
GOTO 1000 
20 S=1. ODO
I1 1 = M IN 0 ( I1 , I2 )+ 1  
I22=M AX0(I1 , I 2 ) - l  
DO 40 1=111,122 




SUBROUTINE I I D E X ( I , J ,N S ITE , NSTATE, IP ,J P )
DIMENSION NSTATE(NSITE)
DO 10 K=l,NSITE 





WRITE( 6 , 1 1 ) 1 , (NSTATE(L),L=1,NSITE)
11 FORMAT(IX, 1 4 , 1 IS NOT FOUND IS A R R A Y 10014)










SUBROUTINE TD0P(IPR, N I , NF, S)
IMPLICIT REAL*8(A -H ,0-Z)
C NOTE: THIS PROGRAM MAKE 8 OPERATIONS OF D4 GROUP 
DIMENSION N I ( 8 ) ,NF(8),NTROP(2,10)
S=1. ODO
IF  ( IP R .N E .1 )GOTO 100 
DO 30 1=1,8 
30 N F ( I ) = N I ( I )
GOTO 999 
100 IPR1=IPR-1
GOTO ( 2 , 3 , 4 , 5 , 6 , 7 , 8 ) , IPR1
2 NOP=3 
NTROP(1 ,1 )=1  
NTROP(2 ,1 )=4 
NTROP(1 , 2)=1 
NTROP(2 , 2)=2 









NTROP(1 , 3)=3 
NTR0P(2, 3)=4
CALL ROTXYZ( 4 , NOP, NTROP, N I , NF, S,2 )
GOTO 999
4 N0P=2 
NTROP( 1 , 1)=2 







N T R O P ( l , l )= l  
NTROP(2,1 )=4 
NTROP(1 , 2)=2 
NTROP(2 , 2)=3
CALL ROTXYZ(4,NOP, NTROP, N I , NF, S,2 )
GOTO 999
6 N0P=2 
NTROP(1 , 1)=1 
NTROP(2 ,1 )=2 
NTROP(1 ,2)=3 
NTROP(2 , 2)=4
CALL ROTXYZ(4,NOP, NTROP, N I , NF, S ,2 )
GOTO 999
7 NOP=l 
NTROP(1 ,1 )=2 
NTROP(2 ,1 )= 4
CALL R0TXYZ(4,NOP, NTROP, N I ,N F ,S ,2 )
GOTO 999
8 NOP=l 






SUBROUTINE ROTXYZ(NSITE, NOP, NTROP,NI, NF,S,NPAIR)
C........................ ........... ..................................................... ............. ............................................
C NOTE: THIS PROGRAM APPLY ROTATION OPERATORS TO THE ONE OF THE
C BASIS STATES AND GIVE OUT THE RESULT
C NSITE IS THE DIM OF ARRAY OF BOTH NI AND NF
C IPR IS IPR(TH) OPERATOR,NI IS THE IN IT IA L  STATE ARRAY
C NF IS THE RESULTING STATE ARRAY , S IS THE SIGN
C NOP IS THE # OF TRANSPOSES IN THE IPR(TH) OPERATOR
C NTROP IS THE ARRAY TO STORE THE INDEXES OF TRANSPOSES
C * * * *  USED ONLY IN TWO-ORBITAL PER SITE CASE
c  ------------
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION N I ( 1 ) ,N F (1 ) ,N F 1 (4 0 ) , ID(40),NTROP(NPAIR,NOP)
NORB=2*NSITE
DO 4 1=1,NSITE
4 ID C I)= I  
S=1. ODO
DO 5 1=1,NORB
5 N F 1 ( I ) = N I ( I )
DO 1000 IP=1,NOP 






CALL I ID E X C I , J ,N S IT E , ID , I I , J J )
C W R IT E ( 6 , 9 0 8 ) I P , I , J , I I , J J
C908 F0RMAT(1X,'FOR O P ', 1 4 , '  I , J > I I , J J = '>414)





N F 1 (JJF )= N F 1(I IF )
NF1( IIF)=NSSS 
I I F = 2 * ( I I - 1 ) + 1  
J J F = 2 * (J J -1 )+ 1
CALL RSIG N(S1.IIF .JJF .N F l.NO RB)
S=S*S1
NSSS=NF1( JJF)
NF1( JJF)=NF1( I I F )
NF1(IIF)=NSSS
I= ID (J J )
ID (J J ) = ID C I I )
ID ( I I  ) = I  
1000 CONTINUE
DO 20 I=l,NORB 
20 N F ( I ) = N F 1 ( I )
RETURN 
END
FUNCTION H IA B ( IA , IB ,Z ,E O ,U ,V )
NOTE: THIS FUNCTION GIVES THE <IA  J H1IB> FOR THE PARAMETERS 
T(HERE IS Z ) 5EO,U,V OF THE PERIODIC ANDERSON HAMILTONIAN 
WITH ON-SITE HYBRIDYZATION ONLY 
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION NSUP(100 ,8) ,NSDN(100,8)
DIMENSION NPR(50, 2 ) ,N D IF 1 (8 ),N D IF 2 (8 )
COMMON /Cl/NSUP,NSDN 
COMMON /CP/NDIM,JDP,JDN,NSITE,NORB 
COMMON /CN/NPR, NUP, NDN, NPRTL 
HIAB=0. ODO
CALL FU D (IA , IAU, IAD,JDN)
CALL FUD(IB ,IBU ,IBD ,JDN )
I F ( I A •NE. IB)GOTO 5 

















IF (ISU M 3.G T.2) GO TO 64 
IF (ISU M 4.G T.2) GO TO 64 
IF (IS U M l.N E .O ) GO TO 64 
IF(ISUM 2.NE.0 )  GO TO 64 
IF(ISUM3.EQ. 2 . AND. ISUM4.EQ. 2 )GO TO 64 
C ONE MOVE HAS OCCURRED. IS IT  A NEAREST NEIGHBOR PAIR 




DO 20 ME=1,N0RB 
MX=MX+1
IF(MUS1.NE.O)GO TO 15 
IF (N D IF1 (M E ). NE.0)MUS1=MX 
GO TO 20 




IP l=M USl-M USl/2*2  
IP2=MUS2-MUS2/2*2 
IPR=IP1+2*IP2+1
GO TO ( 6 4 ,9 0 2 ,9 0 2 ,9 0 3 ) , IPR
902 TER=V 
IF ( IP l .N E .O )  GOTO 904
IF((MUS1-MUS2).NE.1 )  GOTO 64 
GOTO 31





DO 30 MF=1,NPRTL 
IX = N P R (M F , l) - (M U S l+ l) /2  
IY=NPR(MF, 2 ) - (MUS2+1) /2  
IF ( IX .N E . 0)GO TO 25 
IF ( IY .N E .0 )G 0  TO 25 
IPRU=1 
GO TO 31 
25 IX =N P R (M F ,l) - (M U S 2+ l) /2  
IY =N P R (M F ,2 )-(M U S l+ l) /2  
IF (IX .NE.O)GO TO 30 
IF(IY .NE.O)GO TO 30 
IPRU=1 
GO TO 31 
30 CONTINUE
IFCIPRU.NE.1)G0 TO 64 
31 CALL SIGN(SGN, NUP,NSUP,MUSI,MUS2, IAU)





DO 45 ME=1,NORB 
MX=MX+1
IF(MDS1. NE. 0 )GO TO 40 
IF(NDIF2(M E).NE. 0)MDS1=MX 
GO TO 45 




IP l=M DSl-M DSl/2*2  
IP2=MDS2-MDS2/2*2 
IPR=IP1+2*IP2+1
GO TO (6 4 ,1 8 0 2 ,1 8 0 2 ,1 8 0 3 ) , IPR
1802 TER=V 
IF ( IP l .N E .O )  GOTO 1804 
IF((MDS1-MDS2).NE.1) GOTO 64 
GOTO 56





DO 55 MF=1,NPRTL 
IX = N P R (M F ,l) - (M D S l+ l) /2  
IY=NPR(MF,2)-(MDS2+l)/2  
I F ( IX.NE.0)GO TO 50 
IF(IY.NE.O)GO TO 50 
IPRD=1 
GO TO 56 
50 IX =N PR (M F,l) -(M D S2+ l) /2  
IY =N P R (H F ,2 )-(M D S l+ l) /2  
IF ( IX .N E . 0)GO TO 55 




IF(IPRD.NE.l)G O  TO 64




//LKED.SYSLIB DD DSN=SYS2. IMSLD.LIB,DISP=SHR 
//GO.FT16F001 DD DSN=PHDUAN. HCFPSE. DATA,UNIT=DISK,DISP=SHR
//GO.FT03F001 DD DSN=PHDUAN. HCFPSS. DATA,UNIT=DISK,DISP=SHR
216
//GO.FT26F001 DD DSN=PHDUAN. HCFPST.DATA, UNIT=DISK, DISP=SHR 









1 2 D-F ON SITE
1 4 D-F OFF SITE
2 4 F-F OFF SITE
1 3 D-D OFF SITE




0. IE -5 TOO
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